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Abstract 


The validity of the von-Neumann inequality for commuting n - tuples of 3 x 3 matri¬ 
ces remains open for n > 3. We give a partial answer to this question, which is used to 
obtain a necessary condition for the Caratheodory-Fejer interpolation problem on the 
polydisc D”. In the special case of n = 2 (which follows from Ando’s theorem as well), 
this necessary condition is made explicit. 

An alternative approach to the Caratheodory-Fejer interpolation problem, in the spe¬ 
cial case of n = 2, adapting a theorem of Koranyi and Pukanzsky is given. As a conse¬ 
quence, a class of polynomials are isolated for which a complete solution to the 
Caratheodory-Fejer interpolation problem is easily obtained. A natural generalization 
of the Flankel operators on the Flardy space of then becomes apparent. Many of 

our results remain valid for any neN, however, the computations are somewhat cum¬ 
bersome for n > 2 and are omitted. 

The inequality lim„^oo Czin) < 2K^, where is the complex Grothendieck constant 
and 

Czin) = sup{||p(r)||: |IpIId»,co < h IIT||co < l} 

is due to Varopoulos. Flere the supremum is taken over all complex polynomials p inn 
variables of degree at most 2 and commuting n - tuples T := (Ti,..., r„) of contractions. 
We show that 

3v^ r 
lim C 2 {n) < -—Kq 

n^oo 4 

obtaining a slight improvement in the inequality of Varopoulos. 

We show that the normed linear space n>l, has no isometric embedding into 
kx k complex matrices for any A: g N and discuss several infinite dimensional operator 
space structures on it. 
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1 Introduction 


The fundamental inequality of von-Neumann saying that || r|| < 1 if and only if || p{T) || < 
Ily^lliD.oo for any polynomial p, has lead to several new developments in modern oper¬ 
ator theory. This inequality follows from the Sz.-Nagy dilation theorem, indeed, it is 
equivalent to it. The homomorphisms p : C[Z] ^ S^{U), where C[Z] is the polynomial 
ring and is the algebra of hounded linear operators, on some complex separable 
Hilbert space H, are clearly in one-one correspondence with operators T in Thus 
given T e ^(H), one defines the homomorphism Pj.{p) - p{T) and conversely given p, 
one may set T := p(z). An equivalent formulation of the von-Neumann inequality is the 
statement: A homomorphism p is contractive, that is, ||p(p)|| < llplle.oo for all p g C[Z] if 
and onlyif liril := ||p(z)|| < 1. 

The Sz.-Nagy dilation theorem for a homomorphism p is the statement: 

The homomorphism p is contractive if and only if there exists a Hilbert space IK con¬ 
taining mi and a *-homomorphism p : C(T) —* S§{K) such that 

PHp(y9)|„ = p(p), pGC[Z]. 

Since cr(p(z)) c T and p is a *-homomorphism, it follows that 

||p(p)|| < ||Php(p)|J| < ||p(p)|| < ||pIIt,co < llplle,oo, 

which is the von-Neumann inequality. The existence of the *-homomorphism p can 
be obtained, among several other methods, following the Schaffer construction of the 
(unitary power) dilation. 

Over the past five or six decades, the question of the von-Neumann inequality and 
the Sz.-Nagy dilation has been studied vigorously. In explicit terms, these two questions 
are stated below. Let C[Zi,..., Z„] denote the ring of complex valued polynomials in n 
variables. 

(1) If Ti,..., r„ is a tuple of commuting contractions, does it follow that \\piTi,...,T„)\\ < 
IIPII CO for any polynomial p g C [Zi ,..., Z„] ? 
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(2) If p is a contractive homomorphism, that is, ||p(p)|| < ||p||e«,oo> P £ C[Zi,...,Z„], 
does it follow that p(p) = Pupip)\„ for some *-homomorphism p : C(T”) ^ SS{K), 
where K is some Hilhert space containing H? 

As is well known, via the foundational work of Arveson [Arv69, Arv72], the second ques¬ 
tion is equivalent to the complete contractivity of the homomorphism p: 

||p(P)|| < l|P||°P,^, where P = ((p,'y|, g C[Zi,...Z„] 

and = sup III [[pij]) I : z G D”}. 

If n = 1, as we have seen, an affirmative answer to both of these questions are ob¬ 
tained via the von-Neumann inequality and the Sz.-Nagy dilation theorem. Indeed, an 
affirmative answer to either of these questions gives an affirmative answer to the other. 
This continues to be the case even if n = 2, thanks to the celebrated theorem of Ando. 
However for n = 3, examples due to Varopoulos-Kaijser and Parrott show that neither (1) 
nor (2) has an affirmative answer. 

Varopoulos, in a second paper, showed that 

K^<snp\\piTi,...,Tn)\\<2K^, (1.1) 

where denote the complex Grothendieck constant and supremum is over all n g N, 
tuples of commuting contractions T - (Ti,..., r„) and polynomials p of degree 2 with 
IIpIId”,oo ^ 1- He lamented if 2 appearing on the right hand side of this inequality, can 
be removed. The examples due to Varopoulos leaves the following question (cf. [PisOl, 
Chapter 1, Page 24] open: 


Question 1.1. For a fixed n g N, n > 3 and M > 0, does there exist a commuting contrac¬ 
tive n - tuple of operators Ti .such that 


sup 

peC[Zi,...,Z„] 


Wpm . T„)\\ 

llplle",oo 


>M. 


A class of homomorphism, which include the example of Parrott were studied further 
in [Mis94, Pau92] , where the question of contractivity vs. complete contractivity of these 
homomorphism was reduced to certain linear maps. The reason for this lies in showing 
that the contractivity(respectively complete contractivity) of these homomorphisms is 
determined by their restriction to the linear polynomials. To explain this in some detail 
and for use throughout this thesis, we introduced the following notations. 
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Let n be a bounded and polynomially convex domain in C”. Let sd (C) be the comple¬ 
tion of C[Zi,...,Z„] with respect to norm || • ||n,oo> where ||/||n,oo = sup{|/M|: o) e Q} for 

every / e C [Zi.Z„]. Let [Zi,..., Z„] denote the set of all polynomials in n variables 

of degree at most k. When number of variables is clear from the context we omit the vari¬ 
ables Z\ .Z„. Let denote the set of all complex valued bounded holomorphic 

functions on D. and D be the unit disc in C. For each ajekl, set 

H^inM = : ||/||n,oo < 1} and = {/g : /M = O}. 

Let T - (Ti. T„) be a tuple of bounded operators on some fixed separable Hilbert 

space D-D and co - (wi.be a fixed point in C. Define the Parrott homomorphism to 

be the map ^ ^(D-0 ® D-0) given by the formula 

= f Dm-T] 

^ I 0 mi I’ 

where D/M = (a|-/M.^ Ti + --- + ^/M Tm- 

The following lemma, called “the zero lemma”, and several of its variants involving 
functions defined on domains in C ” and taking values in A: x A; matrices have been proved 
in [Mis84, MNS90, Mis94, Pau92]. The proof below follows closely the one appearing in 
[Pau92]. 

Lemma 1.2. A Parrott homomorphism is contractive if and only if \\p^^\f)\\ < 1/or 
a///GH“(n,D). 

Proof Let us assume that ||p^"H/)ll ^ 1 for all / g iT“(D,D). Suppose g : D ^ D is an 
analytic function and cf) is the automorphism of D mapping gico) to 0. Then 0 o g is an 
analytic map from D to D with i<p o g) {co) - 0, therefore || p^"^ (0 ° g) II < 1. Now by von- 
Neumann’s inequality we have ||0”^ (p^"^ (0 o g)) || < 1, which is equivalent to || p["^ (g) || < 
1. Hence p^^ is a contraction. The converse is trivially true. □ 

Now, let us assume that D is a unit ball in C” with respect to some norm and co-O. Let 

S£[Zi .Z„] = {aiZi -t •• • -t anZn : a, g C Vi = 1 to n} 

be the set of all linear polynomials in m variables. Let Pj. denote the homomorphism 

Pf- 

Theorem 1.3. For the Parrott homomorphism p^, we have 

sup{||p^(^)||: f G ^[Zi.Z„], ||^|b,oo < 1} = sup{||p^(/)|| :/G H^(n,D)}. 
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Proof. If / G (n, D) is a holomorphic function, then from the Schwarz lemma [Rud08, 
Theorem 8.1.2], £ D/(0) maps D. in to the disc of radius ||/||n,co and thus ||^||n,oo ^ 

ll/lln,oo- From the definition of p^, we have ||pj.(^)|| = ||pj-(/)||. Therefore 

wpAm ^ wpadw 

mn,oo ~ ll/llaoo 

and hence 

sup{||p^(^)||:fG^[Zi,...,ZJ,||f||n,oo<l}>sup{||p^(/)||:/GFi^(n,0)}. 

The other inequality is obvious. □ 

This theorem says that if we wish to establish only the contractivity of Parrott homo¬ 
morphism Pj., it is enough to restrict Pj. to the linear polynomials. 

It also says that if H = D”, then the Parrott homomorphisms Pj, are contractive if and 
only if Ti,...,Tn are contractions. This follows from the Schwarz lemma (cf. [Rud08, 
Theorem 8.1.2]): 


{D/(0) G C” : / G D)} = : ^(D”) c D}. 

Consequently, these homomorphisms can not be used to answer the Question 1.1. 

We therefore investigate the homomorphism induced by the commuting triple of con¬ 
tractions Ti, T 2 , T 3 given by Varopoulos and Kaijser with the property llplTi, T 2 , Fa)]] > 
11 p 11 pa oo- This leads to a natural definition of a class of operators which we call Varopou¬ 
los operator of type I and II. We investigate the answer to the Question 1.1 assuming the 
homomorphism pj, is induced by T, a tuple of these operators. It is useful to recall that 
Varopoulos, in a second paper, proved the following. 

4 <sup||p,|^J|< 24 , 

where denote the complex Grothendieck constant and supremum is over all n g 
N and tuples of commuting contractions T - (ri,...,r„). Thus it is natural to ask if 
supII niocsi II Prla^2 II- where || r||co := max{|| Fi ||,..., || r„||}, is closer to the universal constant 
JCg of Grothendieck than indicated by the inequalities (1.1). We show that inequality on 
the right can be considerably improved. 

Let H be a separable Hilbert space and {ej}jeN be a set of orthonormal basis for H. For 
any x g H, define x**: H ^ C by xHy) = HjXjyj, where x = Hxjej and y - 'Lyjej. For 
X, y G H, we set [xKy] -xHy)- 


4 





Definition 1.4 (Varopoulos Operator of Type I (V I)). Let D-D be a separable Hilbert space. 
For X, y e D-0, define Tx,y :C®D-D®C^C®D-0®Cby 


f 

Tx,y = 


0 

0 

0 


0 

0 


0 

y 

0 






The operator Tx,y will be called Varopoulos operator of type 1 corresponding to the pair 
of vectors x, y. if x = y then Txy will simply be denoted by Tx. 


Definition 1.5 (Varopoulos Operator of Type 11 and of order A: (V II of order k)). Let D-O be 
a separable Hilbert space. For XeSSiH), let 


'ox 0 ••• o' 

0 0 V ••• 0 


Tx = 


0 0 0 ■■■ X 

, 0 0 0 ••• 0 , 


be the operator in in analogy with the work of Varopoulos [Var76], oper¬ 

ators of the form Tx, V e ^(D-O), are called Varopoulos operator of type 11 and of order 
k. 


Let n be a bounded domain in C” and w e C be a fixed but arbitrary point. As be¬ 
fore let p^^y (respectively denote the induced homomorphism on corre¬ 

sponding to a tuple of commuting contractions WiJ + Txiyi- • • • > (^nl + Tx„y„ (respectively 
(Oil+Txi . (OnI+ Tx„), which is defined as following. 



/M 

0 

0 


Dfioj) • x“ 
fioj)! 

0 


^D^noj)-Ax,y ' 
D/(aj)-y 


for/G iT“(n), wherex= (xi.x„),y = (yi.y„),x“ = andA^^.y = (([x?,y/|. 

As the definition of p^xy (/) includes only the terms of order at most 2 from the Taylor se¬ 
ries expansion of f, therefore it is quite natural to ask the following question. 


Question 1.6. We ask if the contractivity of p^xy on is equivalent to contractivity 

of the restriction to the polynomials of degree at most 2. 
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Clearly to answer this question, one must first answer a related question generalizing 
the Caratheodory-Fejer interpolation problem, namely: Given any polynomial p in n 
variables of degree 2 with p(0) = 0, find necessary and sufficient conditions on the coef¬ 
ficients of p to ensure the existence of a holomorphic function h defined on the polydisc 
D” with hS^\G) - 0 for all multi indices k of length at most 2, such that f p + h maps 
the polydisc D” to the unit disc D. 

However the absence of an explicit criterion, in spite of several results which have 
been obtained recently [FF90, EPPOO, Woe02, HWH14], for the solution to this problem 
for n > 1 makes it difficult to answer this question. 

We combine a theorem due to Koranyi and Pukanszky giving a criterion for deter¬ 
mining if the real part of a holomorphic function defined on the polydisc 0” is positive 
with a theorem due to Parrott to find a solution to the Caratheodory-Fejer interpolation 
problem. We state these two theorems below. 

Theorem 1.7 (Koranyi-Pukanszky Theorem). If the power series Y.aEN^ represents a 
holomorphic function f on the polydisc D”, then yiifiz)) > 0 for all z e D” if and only if 
the map 0: Z” ^ C defined by 


2 ^aa 

O 

II 

a^ 

if a > 0 

a-oc 

if a < 0 

0 

otherwise 


is positive, that is, the kxk matrix is non-negative definite for every choice of 

mi .mfce Z”. 

Let / : D” ^ D be a holomorphic function and x be the Cayley map of the unit disc 
to the right half plane. Then in the matricial representation of (p^of with respect to the 
usual order in Z^, it is not easy to isolate the coefficients of /. We introduce a new order, 
to be called, the D-slice ordering: 

Definition 1.8 (D-slice ordering). Suppose (xi,yi) g Pi and (X 2 ,y 2 ) g Pm are two ele¬ 
ments in Z^. Then 

1. If Z = m, then (xi,yi) < (X 2 ,y 2 ) is determined by the lexicographic ordering on 
Pi Q1? and 

2. if Z < m (resp., if Z > m), then (xi,yi) < (X 2 ,y 2 ) (resp., (xi,yi) > (X 2 ,y 2 )). 
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The matricial representation of the function (p^of is then in the form of a block Toeplitz 
matrix with respect to the D-slice ordering. 

Theorem 1.9 (Parrott’s Theorem). For i - 1,2, let Hj, K, be Flilbert spaces and H = Hi ® 

H2 ,K = Ki 9K2. If 

:Hi^Hand(C D):H^K 2 

are contractions, then there exists X e ^(H 2 ,IKi) such that[^ ^): H ^ IK is a contraction. 
In this theorem, all the choices for X are given hy the formula: 

Y* - ZC* Y, 

where F is a contraction and Y, Z are determined from the formulae: 

D^iI-CC*f'^Y, A = Z{I-C*Cf‘^. 

Our method gives only a (explicit) necessary condition for the existence of a solution 
to the Caratheodory-Fejer interpolation problem in general. (Surprisingly, for the case 
of the bi-disc, this necessary condition is exactly the condition for contractivity of the 
homomorphisms induced by the Varopoulos operators.) 

It also gives an algorithm for constructing a solution whenever such a solution exists. 
The algorithm involves finding, inductively, polynomials Pn of degree at most n such 
that a certain block Toeplitz operator, made up of multiplication by these polynomials 
is contractive. A solution to the Caratheodory-Fejer interpolation problem exists if and 
only if this process is completed successfully. 

If n = 1 and the necessary condition we have obtained is met, then the algorithm 
completes successfully and produces a solution to the Caratheodory-Fejer interpola¬ 
tion problem. Thus in this case, we fully recover the solution to the Caratheodory-Fejer 
interpolation problem. 

We also isolate a class of polynomials for which our necessary condition is also suffi¬ 
cient. This is verified using the deep theorem of Nehari reproduced below (cf. [You88, 
Theorem 15.14, page 194]). 

Let iT^(T) denote the Hardy space, a closed subspace of I^(T). Let P- denote the 
orthogonal projection of I^(T) onto L^(T) e iT^(T). 

Definition 1.10 (Multiplication Operator). For (p e we define multiplication op¬ 

erator : l 2(T) ^ L^d) by M^(/) = 0 • 
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Since 0 • / e (T) for any 0 e (T) and f ^ (T) therefore M(p is well defined for all 

0 e L°°{J). Also \\M(j)\\ - II 0 IIOO (cf. Theorem 13.14 in [You88]). 

Definition 1.11 (Hankel Operator). Let 0 e L°°(T). Hankel operator corresponding to 0 
is the operator P_ o It is denoted hy H(j). 

Theorem 1.12 (Nehari’s Theorem). If(p e and is the corresponding Hankel 

operator, then 

inf {II 0 - gII T,oo : g e (T) } = II II op. 

All this is done for the hi-disc with the understanding that these computations will 
go through for the polydisc D”. Similarly, while we have discussed the Caratheodory- 
Fejer interpolation problem for polynomials of degree at most 2, again, our methods 
remain valid for an arbitrary polynomial. 

What follows is a detailed description of the results proved in this thesis. 

Following [Var76] and [PisOl, Page 24], in chapter 2, we define the quantities: 

Cfc(n) = sup{||p(r)||: |IpIId«,oo < Lpis of degree at most k, ||r||oo < 1} 

and 

C{n) = lim Ck{n), (1.2) 

fc—>00 

where || THoo = max{|| Till.|| r„||}. In this notation, it follows from the von-Neumann 

inequality and Ando’s theorem that C(1),C(2) = 1. Also C2(3) > 1, thanks to the exam¬ 
ple of Varopoulos and Kaijser [Var74] involving an (explicit) homogeneous polynomial 
of degree 2. Following this, in the paper [Var76], Varopoulos proves the inequality (1.1). 
Consequently, the limit of the non-decreasing sequence C 2 (n) must be bounded below 
by K^. We show that C2(3) > 1.2 by means of explicit examples. We were hoping to im¬ 
prove this inequality obtained earlier by Holbrook [HolOl] since our methods appear to 
be somewhat more direct. In view of the known lower bound for lim„^oo Czin) in (1.1), 
we hoped that the lower bound for C2(3) itself will be closer to K^. In this chapter, we 
also show that \\p{Ti,...,Tn)\\ < llplle'’,co for any n commuting contractions of the form 

i 0 ^^1 /3i . 0 p„\\: atPj ^ajPi,l< i,j < n, (wi,...,w„) e D k (1.3) 

after assuming that |ad = |/3j|> 1 < i < n. This is interesting considering that the von- 
Neumann inequality is valid for any commuting n - tuple of 2 x 2 contractions [MP93, 
Agl90] and fails for 4x4 contractions [HolOl] . As a corollary of the von-Neumann in¬ 
equality for a subclass of the operators defined in (1.3), we get the following necessary 
condition for the Caratheodory-Fejer interpolation problem for the polydisc D”. 
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Theorem 1.13. Let p be a polynomial in n variables of degree 2 such that piO) = 0. There 
exists a holomorphic function q, defined on polydisc^’^, with q^^f0) = 0 ,\k\<d such that 
\\p + q\\oo ^ 1 only if 


sup 

llallooSl 


D^pi0)-Aa 

2 


+ |Dp(0) -al^l < 1, 


where a = (ai. an),Aa - 


{at a j| , p (0) • Aa = I (0) a/ a j and Dp (0) • a 


lUmai. 


We also prove the following theorem, giving a considerable improvement on the up¬ 
per bound (1.1) previously obtained in [Var76]. 


Theorem 1.14. lim^^coQln) < 


Finally, in this chapter, we investigate in some detail, the contractivity of the homo- 
morphisms px,y induced by the Varopoulos operators of type I (V I) and we come up with 
the same inequality as in the Theorem 1.13 but for n-2. 

In chapter 3, we study the homomorphisms induced by tuples of commuting Varopou¬ 
los operators of type II and order 2 and solve the extremal problem (indeed a more gen¬ 
eral extremal problem obtained in the study of these homomorphism) occurring in the 
Theorem 1.13 but for n = 2. We define 


d d 1 

Pdz) = ^/(O) + ^fi 0 )z and pziz) = -^/(O) + . . 

ozi dz 2 2dzi oziozz 


mz+~mz^ 

2 dz^ 


for a holomorphic function / in two variables and we prove the following. 


Theorem 1.15. For/ gH“(D^,D), wehave, 


sup 

l|X||oc<l 


T 


DfiO)-X,-D^m-Ax 


= \mMp^,Mp 2 j 


whereX - (Vi, V 2 ) is pair of commuting operators, ||V||oo = max{||Vi||, IIV 2 II}, Ax = 
Ai A 2 


/ /il /i2 \ 

and7 {Ai, Af) = \ \foranyAi,A 2 ^SB{U). 

' 0 Ai 


In the process of solving the extremal problem occurring in this theorem, we reprove 
the von-Neumann inequality and Ando’s theorem for a commuting pair of Varopoulos 
operators of type II. 

In chapter 4, we give an alternative for solving the Caratheodory-Fejer interpolation 
problem after adapting a theorem of Koranyi and Pukanszky. This approach is important 
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as it is independent of the commutant lifting theorem, whereas the method in chapter 3 
strongly depends on it. For a polynomial p in two variables we define 

d d 1 1 

Piiz) = —piO) + —p[0)z and p 2 {z) = -^p(O) + p[0)z+ - — p[0)z^. 

ozi ozz 2 dzf oziozz 2 dz^ 

In the following theorem, we reformulate the Caratheodory-Fejer interpolation problem 
for the bi-disc 

Theorem 1.16. For any polynomial p of the form 

piz) — aiQZ\ -t aQiZz + azozf + anZiZz + aozZz, 

there exists a holomorphic function q, defined on the bi-disc with (0) = 0 for \k\ < 
2, such that \\p-\- dllD2,co - 1 if and only iflpzl ^ 1 - |pil^ and there exists a holomorphic 
function /: D ^ with 

||/||°P^ < 1 and = Mpk for all A: > 0, 

where po - 0 and for k>3,pk^ C[Z] is a polynomial of degree less than or equal to k. 
Here Mp^ is the multiplication operator on (T) induced by the polynomial pk- 

In this chapter, we show that |pi|^ -t |p 2 l ^ 1 is a necessary condition for the solution 
to exist for the Caratheodory-Fejer interpolation problem. In the following theorem, we 
also isolate a class of polynomials for which this is a sufficient condition for the existence 
of a solution. 

Theorem 1.17. Letpiiz) - y + 5 z and pziz) - [a + I5 z){y+ 5 z) for some choice of complex 
numbersa, f, y and 5. Assume that\pi\^-r\p 2 \ < 1. Ifeitherafyd -0 ordLrg{a)-argil5) - 
argly] - arg(d), then |pil^ -t Ipzl < I is a sufficient condition also for the existence of a 
solution for the corresponding Caratheodory-Fejer interpolation problem. 

We illustrate, by means of an example, that this necessary condition is not sufficient in 
general. In the end of this chapter, we give a proof of the Koranyi-Pukanszky theorem for 
the bi-disc using the spectral theorem. This proof can be made to work for the polydisc 
as well. 

In chapter 5, we give a generalization of Nehari’s theorem to two variables. In this 
chapter we define the Hankel operator H^p corresponding to any function (p e 
The following theorem shows that the norm of the Hankel operator is the norm of 
the symbol (p with respect to a quotient norm, described below. 
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Theorem 1.18 (Nehari’s theorem for L^(T^)). Ifcp e LP°(J^), then \\H(p\\ - distoo(0, Hi). 

In this theorem, Hi:- If^ L°°iJ^)[ and distoo(0,iTi) is the dis- 

I m+n>0 J 

tance of (p from Hi in L°°- norm. 

In chapter 6, we study the operators space structures on £^in). There is a canonical 
isometric embedding of into the set of n x n matrices M„. However, we show that 
£^{n), n> 1, has no isometric embedding into for any A: e N. 

Theorem 1.19. There is no isometric embedding of £^{n), n>\, into Mi^ for any keN. 

The next theorem provides several isometric embeddings of (n) into SS{M) for each 
n G N. 

Let Hi.H„ be Hilbert spaces and T/ be a contraction on H, for i = 1. n. Assume 

that the unit circle T is contained in aiTf, the spectrum of T,, for i = 1,..., n. Denote 

fi = Ti ® f2 = / ® r2 ® ..., f„ = ® Tn. 

Theorem 1.20. Suppose the operators Ti,...,Tn are defined as above. Then, the function 

f:£\n)^miHi^---^Hn) 


defined by 


f{ai,a2 . an) := uifi + azfz h - 1 - anfn- 


is an isometry. 

For n-2,3, we show that all of these embeddings are completely isometric to the MIN 
structure. In the end of this chapter, using these embeddings and Parrott’s example in 
[Mis94], we construct an operator space structure on ^^(3) which is distinct from the 
MIN structure. 
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2 Varopoulos Operators of Type I 


Let C[Zi.Z„] denote the set of all polynomials in n complex variables. For every con¬ 

traction r on a complex Hilbert space, the von-Neumann inequality [vN51] states that 
||p(r)|| < \\p\\d,oo for every p eC[Z]. Ando [And63] established an analogous inequal¬ 
ity for any two commuting contractions Ti,T 2 , namely, ||p(ri,r 2 )|| < \\p\\d 2 ,oo for every 
p G C[Zi, Z 2 ]. Varopoulos [Var74] constructed examples showing that the generalization 
of this inequality to three variables fails. He along with Kaijser also produced an explicit 
example of three commuting contractions Ti, T 2 , T 3 and a polynomial p with the prop¬ 
erty HpiTi, 72, rslH > Uplloa,^. Let iiriioo = max{iiriii,...,iir„||}, 

Cfc(n) =sup{||p(r)||: ||p||e«,oo ^ 1, p is of degree at most A:, ||r||co < l}- (2.1) 

and 

C(n) = lim Ckin). (2.2) 

A:—>00 

In this notation, it follows from the von-Neumann inequality and Ando’s theorem that 
C(1),C(2) = 1. 

Also C2(3) > 1, thanks to the example of Varopoulos and Kaijser |Var74] involving an 
(explicit) homogeneous polynomial of degree 2. Following this, in the paper [Var76], 
Varopoulos shows that the limit of the non-decreasing sequence C 2 (n) must be bounded 
above by 2K^, where is the complex Grothendieck constant, the definition is given 
below. He also showed that the lower bound for this limit is Thus he has proved 

lim C 2 (n) <2K^. (2.3) 

We show that C2(3) > 1.2 by means of explicit examples. We were hoping to improve 
this inequality obtained earlier by Holbrook [HolOl] since our methods appear to be 
somewhat more direct. In view of the known lower bound for lim„^oo Qi^J) in (2.3), we 
hoped that the lower bound for C 2 (3) itself will be closer to 
We recall some of the details from the two papers [Var74, Var76] of Varopoulos, which 
will be useful in what follows. Fix a Hilbert space D-D and a bilinear form S on D-0 with norm 
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2 Varopoulos Operators of Type I 


1. Let e, f be two arbitrary but fixed vectors of length 1 and set = {e} ® H ® {/}. For any 

X e H, define T^-. ^ Jffhy the rule 

Txf^x, Txy^ S{x,y)e, forallyelHl (2.4) 

and extend it linearly. It is then easily verified that for every x,yeH,Tx and Ty commute. 

Lemma 2.1. For every x g H, || TxW - ||x||, where the operator Tx is defined according to 
(2.4). 

Proof For h e JF and a,fe£, we have h-ae + Puh + ^f, where Ph : ^ ^ ^ is the 
orthogonal projection on H. 

<r;r^fi,fi> = ls(x,PH(^))l" + l)6l"llxii"<(iiPH^ll^ + li6l^)llxi|2 

therefore {T*Txh,h) < ||fi||^||x||^. Thus \\Tx\\ < ||x||. We already know that || TjcH > ||x|| and 
hence IITxll = ||x||. □ 

Definition2.2 (GrothendieckConstant). Suppose A:- is acomplex(real) array 

satisfying 


E 


^jk^j tk 


<max{|s;| Itfcl: 1 < j,k<n}, 


(2.5) 


j.k^l 

where sj, tk are complex(real) numbers. Then there exists K >0 such that for any choice 
of sequence of vectors (Xj)”, (y/t)” in a complex(real) Flilbert space H, we have 


^ ajk(Xj,yk) 

j,k=l 


< Ji:max{||xj||||yfc|| :1 <7,A:< n}. 


( 2 . 6 ) 


The least constant K satisfying inequality (2.6) is denoted by Kq and called Grothendieck 
constant. The constant Kq is a universal constant independent of n and the matrices 
satisfying the hypothesis (2.5). Note that the definition of Kq depends only on the un¬ 
derlying field. When it is the field C of complex numbers, this constant is called the 
complex Grothendieck constant and is denoted by K'^. 


Let Pj^ be the polynomial wj. The inequality (2.5) is equivalent to saying 

that WpJlB^n^oo ^ 1- This follows from the equality |Ip^|Id2«,oo = Let p^_^ be 

the restriction of p^ to the diagonal set 


A= {(zi,...,z„,zi,...,z„): |z/| <!,!</< n}, 
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which is the polydisc D”. Thus || ^ ||e«,oo is also at most 1. If A is symmetric, then the 

second derivative ^ (0) is 2 A. It is therefore clear that 

IIPaAA IId",co ^ 2||A|| 

We find examples where (2.7) is strict. Indeed, for this particular example, we show that 

\\PA,h IId",oo 

This observation will he important for us in what follows. As pointed out earlier, the 
following theorem is due to Varopoulos. 

Theorem 2.3 ([Var76]). lim„^ooC(n) > K^. 

Proof. It is a well known that > 1. Let e > 0 he a fixed real number such that K^-e> 
1. Since is the least constant in the inequality (2.6), therefore there exists a matrix 
:= i<^jk]jnxn Satisfying the inequality (2.5) and unit vectors Xi,yi, in \ < i < n, 
for some A: e N such that 

n 

E ajk{Xj,yk)>iK^-e) 
j,k=l 

Let 

■«=(fej2„2„:4( A> o)- 

It is easy to see that A satisfies inequality (2.5). Take Xi = Xi, Xz - X 2 ,..., x„ = x„, x„+i = 
yi,..., X 2 n - y« and consider the bilinear form S on defined as follows: 

k 

S(x,y) = Y.Xjyj, 

7 = 1 

where x = (xi,..., Xfc) and y = (yi,..., y/t). The operator A: £°°{2n) ^ {2n) is of norm at 

most 1 and 

2n if” ” ] 

^ djjcSiXj,xic)^-l Y. ^jk(Xj,yk)+ Y (^kj(yj,Xk)\, 

j,k=l 2 [ j,k=l J 

which implies 

2n n 

Y djkS{Xj,Xk)^ Y (^jk(Xj,yk) > Kg-e. (2.8) 

7A=1 7A=1 
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2 Varopoulos Operators of Type I 


The polynomial p(zi. zzn) - ^jkZjZk is a homogeneous polynomial of degree 

two. It is clear that ||p|lD 2 n < 1. Consider the operators (as defined in (2.4)), 




0 Xj 0 

0 0 xj 

0 0 0 


(2.9) 


for 7 = 1. 2n. Then \\p{Tx^,...,Tx 2 „)\\ > K'^-e is a direct implication of the inequality 

( 2 . 8 ). □ 


Let H he a separable Hilhert space and {ejijeN be a set of orthonormal basis for H. For 
any x g H, define x**: H ^ C by xHy) - T.jXjyj, where x = T.Xjej and y - T.yjej. For 
X, y G H, we set [x^,y] = xt*(y). From the definitionit can be seen that [xt*,y] = [yt*,x].Let 
Ht* := {x^ : X G H} . Let be equipped with the operator norm. Since the map : H ^ H** 
defined by 0 (x) = xMs a linear onto isometry, therefore H** is linearly (as opposed to the 
usual anti-linear identification) isometrically isomorphic to H. 

Let Hi and H 2 be two separable Hilbert spaces and {Cj} jeN. be orthonormal 

bases of Hi and H 2 respectively. Let {fjijeN and [fjijeN be the corresponding dual basis 
for Hi and H 2 respectively. For a linear map T: Hi ^ H 2 , define r**: H 2 ^ Hi by 

Thek)-EMTej)ej 

j 

and extend it linearly. We note that if T is bounded then so is the operator tK We have 
the following lemma: 

Lemma 2.4. Let Hi, H 2 and H 3 be separable Hilbert spaces and {e . } be an orthonor- 

J 

mal basis for Up for p = 1,2,3. Let{f. }jeN be the corresponding dual basis for Up for p = 
1,2,3. IfT : Hi ^ H 2 and S: H 2 ^ H 3 are two bounded operators, then (S o T)'^ -T'^o S**. 

Proof It is enough to check the equality (S o T)** = T** o on the basis elements {e® IteN- 
For any keN, 


{SoT)^[ef) ^Y^fl^^\s[T{ef))ef. 
j 

(r“os“)(e®) = (Sef ) 

j I 
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Thus 



Hence [SoT]\ef] = (r»oS“)(e®). 


□ 


The form of the operator appearing in (2.9) and the operators used in the addendum 
of [Var74], suggest the definition of the following two classes: 

Definition 2.5 (Varopoulos Operator of Type I (V I)). Let D-D he a separable Hilhert space. 
For X, y G D-0, define Tx,y :C®D-D®C^C®D-0®Cby 


' 0 x« o' 
Tx,y = 0 0 y 


The operator Tx,y will be called Varopoulos operator of type I corresponding to the pair 
of vectors x, y. If x = y then Txy will simply be denoted by Tx. 

Definition 2.6 (Varopoulos Operator of Type II and of order A: (V II of order k)). Let D-O be 
a separable Hilbert space. For V g ^(D-O), let 


'ox 0 ••• o' 

0 0 V ••• 0 


Tx- 


0 0 0 ■■■ X 

,0 0 0 ••• 0 


be the operator in ^ (D-O 18 In analogy with the work of Varopoulos [Var76], oper¬ 

ators of the form Tx, V g ^(D-O), are called Varopoulos operator of type II and of order 
k. 

In the following section, we show that WpiTi .r„)|| < ||p||en,oo for any n commuting 

contractions of the form 



0 OJji 
0 0 



17 







2 Varopoulos Operators of Type I 


after assuming that \ai\ - 1/3/1, 1 < i < n. This is interesting considering that the von- 
Neumann inequality is valid for any commuting n - tuple of 2 x 2 contractions [MP93, 
Agl90] and fails for 4 x 4 contractions [HolOl]. 

Secondly, we show that lim„^oo Czin) < giving a considerable improvement on 

the upper hound previously obtained in [Var76] . 

Finally, we investigate in some detail, the contractivity of the homomorphisms px,y 
induced by the Varopoulos operators of type I (V I). In particular, for a pair of commuting 
contractions Txi, Tx2 , Xi,X 2 G C, of type V I, and any holomorphic function / : ^ D, 

/(0,0) = 0, applying the von-Neumann inequality, we must have 


sup 

xi,X2eD 


7 


df 


df 


^(0)Xi + ^(0)X2,- Y. 


d^f 


dzi 


2 dzidz^ 


(0)X/X/ 


< 1 , 


I (1) a 

where T(ta,a) = ^ j. The solution to this problem (indeed a generalization of it), 

which we obtain in Chapter 3, therefore gives a necessary condition for the Caratheodory- 
Fejer interpolation problem for polynomials of degree 2. Unfortunately, while the ex¬ 
tremal problem can be stated for any n in N, not just for 2, its solution depends on the 
commutant lifting theorem. 


2.1 The von-Neumann Inequality 


The von-Neumann inequality for a commuting n - tuple of 3 x 3 matrices remains open 
for n > 3. In this section, we establish this inequality for any n - tuple of commuting 
contractions of the form prescribed in ( 2 . 10 ) with the additional assumption that |a/| = 
\pi\, l<i<n. 

Let IH be a separable Hilbert space. Given a set of n operators Ai,...,A„ in ^(H), 
define the operator 


7{A\,...,An) 


A\ A 2 A 3 

0 Ai A 2 
0 0 Ai 


Ayi-l 

An-2 


0 0 0 • • • Ai ^ 


which is in ^(H 18 C”). 
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2 .1 The von-Neumann Inequality 


The condition for the contractivity of any 3x3 matrix of the form 


r = 


CO a 0 
0 to p 
0 0 CO 


,coeU,a and P in C. 

is given in the following lemma. It will he used repeatedly in what follows. 


( 2 . 11 ) 


Lemma 2.7. The operator T defined in (2.11) is a contraction if and only if 

|a|<l-|e;|^ \p\<l-\cof 


and 

\apco\^ < ((l - - lal^j ((l - \(off - \pf^. 

In particular, if\a\ - \p\, then T is contractive if and only if\a\ < (1 - |ta|) y'l + |a»|. 

Proof Suppose T is contraction. Then T(a», a) := |o w) and 7ioo,p) [of) must he 
contractions. Hence, we have \a\ < l-|e>|^ and |/3| < l-\co\^. By Parrott’s theorem [Par78], 
there exists aeC such that the operator Ta is a contraction, where 


Ta^ 


( 


V 


CO a a 
0 CO p 
0 0 CO 


\ 




Every possible choice of a in C, ensuring contractivity of the operator Ta is given hy 


a=[I-ZZ*P'^ViI-Y*Yp'^-ZS*Y, 


where 1/ : C ^ C is an arbitrary contraction, S = ‘J(0,<r»), i? = iP,cof and Q = (co,a). The 
operators Y and Z are explicitly determined by the formulae i? = (/ - SS*p^^Y and Q = 
Z{I-S* The reader is referred to (cf. [You88, Chapter 12]) for more information on 
the Parrott’s theorem and related topics. Thus 


Y = 


P 

l(l-|e;|2)i/2’". 


and Z = 


' a ) 

(l-|e>|2)i/2j- 


Therefore 


a - 


(l-|^o|") 


a 


\(j0\ 


1/2 




(l-l^^r) 


\pv 


l-\oo\^ 


1/2 —n 

copa 


CO 


|2- 


( 2 . 12 ) 
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2 Varopoulos Operators of Type I 


Since T is a contraction, it follows that a = 0 is a valid choice in (2.12) for some contrac¬ 
tion V. This forces 




(o(5a 
1 - \(jo\‘ 




\af \-i/2 
l-|e>|2i 


to he of absolute value at most 1. Thus we have 


\co\^\a\^\p\^ 




\P\^ ] 


Hence we get 


\aP(D\^ < ((l - \a)\^f - |a|^j ((l - . 


All the steps in the proof given above are reversible. Therefore, the converse statement 
is valid as well. 

The condition for contractivity assuming |a| = |/1| is easily seen to be 


\a\ < (l-|ej|)v/l + |e>|. 


□ 


Remark 2.8. It is known that T is a contraction if and only ifWfiT) || < 1 for all f in the 
disc algebra withfico) - 0 for an arbitrary but fixed w mDand||/||e,oo ^ 1- Therefore 
T in (2.11) is a contraction if and only if 

\f{w)f\a\^ + \fia))/2\\af<l 


forallf e A(D) withfio) = 0 and ||/||id,oo ^ 1- Thus 

1 


Ia|^< 


sup(\f'm^+\^\)’ 


where the supremum is over the set {/ e A(D) : fio) - 0, ||/||d,oo ^ !}■ From the Lemma 
2.7, we conclude (for some arbitrary but fixed w e Dj that 


supH/'(w)|^-t 


iTM 


:/GA(D),/(ej)=0,||/||D,oo<U = 


(l-|w|2)(l-|e>|) 


For aj,fj e D, define the operators 


^ 0 aj 0 ^ 
0 0 fj 

0 0 0 


,l<j<n, 
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2 .1 The von-Neumann Inequality 


and assume that aj^k - cckfij> j,k= 1. n. This commuting n-tuple of contractions 

T -{Ti .r„) is in the set (2.10) with to = 0. It defines a homomorphism Pj. : C[Zi,...,Z„] ^ 

given hy the formula Pj. ip)piT). Explicitly evaluating piT), we obtain 


f 

< 


fiO) Dfi0)-a 

0 /(O) 

0 0 


om-p 

/(O) 


/£C[Zi. Zn], 


(2.13) 


where Aap = Here 


D/(0) • a = ^ |^(0)a;, D/(0) • p = 
j i 


and 

Clearly, the formula (2.13) makes sense and defines a homomorphism of the algebra 
H°°(D”) consisting of all bounded holomorphic functions on the polydisc D”. 

The following lemma and several of its variants involving functions defined on do¬ 
mains in C” and taking values in k x A: matrices have been proved in [Mis84, MNS90, 
Mis94, Pau92]. The proof below follows closely the one appearing in [Pau92]. 


Lemma 2.9 (The zero lemma). The homomorphism pj is a contraction if and only if 
||pj,(/)|| < l/ora///eH°°(D”) with fiO) = 0 and H/Hen^oo < 1. 

Proof Let us assume that || Pj if) || < 1 for all /: D” ^ D with /(O) = 0. Let g: D” ^ D be 
an analytic function and (p be an automorphism of D mapping g(0) to 0. Then 0 o g is 
an analytic map from D” to D with (0 o g) (0) = 0, therefore || Pj, (0 o g) || < 1. Now by von- 
Neumann’s inequality we have ||0”^(Pj.(0°g))|| < 1 which is equivalent to llpj^ig)!! < 1. 
Hence Pj, is a contraction. The converse is trivially true. □ 

Theorem 2.10. The homomorphism Pj., as defined in (2.13) for the commuting tuple of 
contractions T, is contractive. 


Proof Assume that the supremum norm of the polynomial 

n n d 

piZi,...,Zn) = Y.ajZj+ ^ aijZiZj+Y, E 

i,j=l k=3\I\ = k 


over the polydisc D” is at most 1. Then 

\\pAp)\\ = 


Laipi 


< 1 
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2 Varopoulos Operators of Type I 


if and only if 


n 

2 


< 

i,j=l 



n 


;=i 




(2.14) 


Without loss of generality we assume 0 < |/3i| < |ai|. Let |j6i|/|ai| = p. We have - 
akPj for all i,k-\ . n therefore inequality (2.14) is equivalent to 


n 

2 




y^. nijaiaj 
i,i=l 


1'- 

ZL ‘^7® 7 
7 = 1 

)l 



(2.15) 


Define quit)p{tai . tan) for all t e D. Since \\p\\b'',oo ^ 1 therefore lldalb.oo ^ 1 and 

hence 7[Y.aiai,Y.<^ijCCiOCj) is ofnormatmost 1. Therefore 


n 

2 

1 


"'I 

y^. 

< 

1- 

'll 


i,j=l 



7 = 1 

/ 


1 - 


7 = 1 


and since p< 1, it follows that (2.15) holds. Hence Pj, is a contractive homomorphism. 

□ 


We now prove the von-Neumann inequality for any contractive n - tuple in the set 
(2.10) assuming \ai\ - iPil, I < i < n. (We no longer assume that co - 0.) As before, such 
a n-tuple defines a homomorphism Pj.^ : (D”) ^ mc^) by 


Prjf) 


' fico) Dfi(o)-a ^D^fi(o)-Aa/ 
0 fioj) Dfia))-I5 

, 0 0 fio)) 


(2.16) 


where 


D/(to) ■a^J^^{a))aj, Dfio)) ■ p = 

i "^7 j ^^7 


and 


j,k 


d^f 

dzjdzk 


ico)ajPk- 


Here is “the zero lemma” again, now adapted to work for the homomorphism Pj.^. For 
the proof, we compose / with an automorphism of the disc taking /(w) to 0, whenever 

fica) ^ 0. 


Lemma 2.11. The homomorphism Pj^ is contractive if and only ifWPj-^^if) II < 1 for all 
f e H°°(D”) with /(to) = 0 and ||/||id'',oo ^ 1- 
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2 .1 The von-Neumann Inequality 


Theorem 2.12. The homomorphism Pj.^ induced by a contractive n - tuple T in the set 
(2.10) with aj - Pj, j - I,..., n, is itself contractive. 


Proof. Assume that the supremum norm of the polynomial 

n n d 

p{zi . z„) = ^ + Y, aij{Zj-(i)j){zi-(x)i)+Y Y 

i=l i,i = \ k^3\I\ = k 

over the polydisc D” is at most 1, where d is the degree of p. Then 


PtJpH 


f^aiOCi aijOCiOCj 
0 LaiOCi 


< 1 


if and only if 


n 

Y_, (^ijOCiOCj 
i,i=\ 


< 





(2.17) 


For i -\,...,n, applying the Lemma 2.7 to the operator 

' Wj a-\d)j\)^l + \0)j\ 0 

0 (x)j il-\(x)j\)^fl + \Ci)j\ 

0 0 ojj ^ 

we conclude that it must be contractive. Therefore, using Nehari’s theorem (cf. [You88, 
Chapter 15, Theorem 15.14]), we obtain a holomorphic function hi, h[!^\o) = 0,k - 
0,1,2, defined in the unit disc D such that the supremum norm of the function 


fj{z) =a)j + il-\(i)j\)^l + \(i)j\z + hjiz) 

over the unit disc D is at most 1. Define / = (/i,...,/„) : D” ^ D” by /(zi,...,z„) = 
(/i(zi),..., fniZn)]. Now pof maps 0” to D with po /(O) = 0. Define the following con¬ 
tractive operators 

(O -0 

Si := 0 0 - ‘"f 

^0 0 0 ^ 

for 7 = 1. n. Then S = (Si,..., S„) is a tuple of commuting contractions. From Theo- 

rem2.10itis clear that ||po/(S)|| < 1. Therefore (2.17) holds and hence WpiTi .r„)|| < 

1 . □ 
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2 Varopoulos Operators of Type I 


As a corollary of this theorem, we get the following necessary condition for the Caratheodory- 
Fejer interpolation problem for the polydisc D”. 


Theorem 2.13. Let p be a polynomial in n variables of degree 2 such that p[0) - 0. There 
exists a holomorphic function q, defined on po/ydzscD”, withq^^fio) = 0, |A:| < d such that 
llp + ^llco < 1 only if 


sup 

llallooSl 


D^pi0)-Aa 

2 


+ |Dp(0) -al^l < 1, 


whereas (ai,...,a„), = laiaj},D^p[0)-Aa 


= I andDpiSfi-a = I |f^(0)a/. 

l l 


Remark 2.14. This proof of the von-Neumann inequality works without having to make 
the assumption that\ai \ - \fi\, if instead, we assume that 


f 

COj 

aj 

0 



( 


0 

0 

Wj 

aj 


and 

0 


pj 


0 

Wj 

j 


. 0 

0 



are contractions for j - I . n. Unfortunately, there are contractive n - tuples T in the set 

(2A0) for which this condition is not met, for example, takeco - a- 2/5 andf - 4/5, here 
n is just 1! 


2.2 An improvement in the bound for Czin) 


The explicit example in [Var74] showing that a commuting triple of contractions need 
not define a contractive homomorphism of the tri-disc algebra uses the interesting poly¬ 
nomial 

Py (Zi, Z2 > ^3) := + ^2 + ^3 - 2ZiZ2 - 2Z2Z3 - 2Z3Z1. 


This polynomial will be referred as the Varopoulos-Kaijser polynomial. The supremum 
norm of Py over the tri-disc is shown to be 5. Let 


A,:= 


/ 


V 


1 

-1 

-1 


-1 

1 

-1 



(2.18) 


be the matrix of co-efficients of the polynomial Py. 


Lemma2.15. ||A^,||^(x.( 3 )^^i( 3 ) > 6. 
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2.2 An improvement in the bound for Czin) 


Proof. Suppose Uij denote the ii,j) entry of Ay and zj - for i,j = 1,2,3. Then 

I ^ aijZiZjl = \zif + \z2\^ + \Z3\^ -2Re[ziZ2 + Z 2 Z 3 + Z 3 Z 1 ] 

= 3 - 2(cO5(0i - 62 ) + cos(02 - ^ 3 ) + CO 5(03 - 0i)) 

<3-2 — 

2 j 

= 6 . 

Using the Lemma 2.18, the above inequality can easily he deduced . For 0^ - 02 = ^ = 
02 - 03 , the inequality in this computation becomes an equality. Thus 

ll^vll^°°(3)^/i(3) - sup {"^(^ijZiZjl = 6 . 

|Zjl = l 


□ 


Thus > |Ip^|Id3,oo- Here ^ 1-2. 

Question: Does there exists A: > 0 such that ll^ll/o°(„)^^i(n) ^ MPa.a IId",oo for all symmet¬ 
ric matrices A of size n, n e N? 

We have just seen that k is bounded below by 1.2. Now, we show that ^ is an upper 
bound for k. This will be an immediate corollary of the following theorem giving an 
upper bound for the second derivative. 

Theorem 2.16. If f : D” ^ D a holomorphic function, then l|D^/(0)||^oo(„)^^i(„) is 
bounded above by ^. 

Proof Let / be a complex valued analytic function on D” with ||/||pn,oo ^ 1- Let a - 
(ai. Un) e D)” be an arbitrary point. Let Oy be the automorphism of the unit disc de¬ 

fined by 


for 7 -l,...,n. LetO(zi,...,z„) = (Oi(zi),...,0„(z„)) and ^ be the automorphism of the 
unit disc such that (p{f{a)) = 0. Due to chain rule we have 

D{(pofo^){0) = (p'{f{a))Df{a)D^{0). 

Asg:=^o/o<l):D”^Disan analytic map therefore due to Schwarz’s lemma Dg[0) is a 
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2 Varopoulos Operators of Type I 


contractive linear functional on (C”, || • Ibn.oo)- Also 


therefore 


Thus we have 


DO(0) = 


l-|ai|2 0 

0 l-|a2|2 


0 

0 

1 ~ \^n\ 




y _^g(0) 

^ 1 - 

V7 = l ^ 


..|2 • 


||D/(a)||^ < (1 - |/(a)|^)m^ — 


..|2- 


i 

Suppose r G (0,1) is such that | a/1 < r for all i = 1,..., n. Then we have 


\\Dfia)\h<-^. ( 2 . 19 ) 

Let g Df then g is a map from rD” to y^(ID)”)* where (D”)* denotes the dual unit 
hall of (C”, II • ||d",oo)- Now due to Schwarz’s lemma Dg( 0 ) is a linear operator on C” which 
maps rD” into y^(D”)*. Hence we have 

WD^m ^ ( 2 . 20 ) 

Inequality ( 2 . 20 ) is true for every r g ( 0 , 1 ) and maximum of r(l - r^) is attained at r = 
1 / \/3. Therefore we can conclude that 




3V3 


□ 


Let p{zi,Z 2 . Zn) -T. be a homogeneous polynomial of degree 2 in n variables 

with |IpIId'',oo ^ 1- As D^p(O) = i2aij))nxn therefore from (2.16), we have 

3v^ 

||(a;j)lboo(„)^^i(„) < -y- a 1.3. (2.21) 

This leads to a considerable improvement in one of the theorems of [Var76], which is 
exactly the same as the theorem below except that the constant obtained in [Var76] is 
2K^. 
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2.2 An improvement in the bound for Czin) 


Theorem 2.17. Suppose p be a polynomial of degree utmost 2 in n variables and T - 
be a tuple of commuting contractions on a Hilbert space H. Then 

Q 

mn . Tn)\\<^K^\\pUn^^, 

where K'^ is the complex Grothendieck constant. 


Proof Let 

n n 

p{Zi, — , 

j=l j,k=l 

For x,y eU arbitrary vectors of norm at most 1, we have 


n n 

\{p[Ti,...,Tn)x,y)\^\aQ{x,y) + Y,((^jTjX,y) + ^ {ajkTjX, 

7=1 i:k=l 




ao 

ail2 

a2/2 

• ayil2 

ail2 

an 

ai2 

■ 

Uyi 1 2 

(^nl 

Cln2 

■ (^nn 


and q be the corresponding homogeneous polynomial of degree 2 in n + 1 variables 
defined by 

n n 

qi^QiZi, — ,Zfi) — aoZQ + ^jk^j^k- 

7 = 1 7.fc=l 


It can easily be seen that Ildlle^+Loo = IIpIId”,oo- Suppose vq - x, Vj - Tjx and wq - y, wj - 
TJy for j - I,..., n. Then 


n n n 

Y,bjk{Vj,Wk}^ao{x,y) + J^{ajTjX,y)+ ^ {ajkTjX,T*y}, 
7=0 7 = 1 j.k=l 


where bjk is the (j, k) entry in B. Now from the definition of the complex Grothendieck 
constant, we get 


^ bjk{Vj,Wk) 
7=0 


^^11511 


e<^in+l)^£Hn+l)- 


Now, to complete the proof, one merely has to apply the inequality (2.21). □ 
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2 Varopoulos Operators of Type I 


2.3 Homomorphisms induced by operators of type VI 


Let n be a bounded domain in C"* and co- (coi,(Dm) g n be fixed. Let IH be a separable 
Hilbert space. Let x - (xi,..., Xm),y - iyi,ym), where Xj,yj g D-D for all j = 1,..., m, 

be such that [x^^yk] - for all j,k- 1. m. Let the operator Txj,yj be of type VI 

corresponding to the pair Xj, yp j = \ .m. We let denote the commuting n-tuple 

{iDiI+Txy,yy . (X)mf+Tx^,yj.^ewi\\ let Tx denote the m-tuple Itis 

easy to see that for . m, we have Txj,y^ 'k'xk,yk '^xi,yi = 0 and 


^Xj.yj J^Xk,yk 


' 0 0 [xj.yfc] ' 
0 0 0 


Consequently, for any polynomial p in m variables, we see that 



pM 

0 

0 


Dpict)) -x^ 
pMJ 
0 


\D'^p{(lf)-Ax,y '' 
DpioA-y 
pM 


( 2 . 22 ) 


where x^ - (xJ.x^), Ax,y = Therefore, extending this definition to 

functions in H°°(n), we obtain the homomorphism p^"y: H°°(n) ^ ^(C ® D-D ® C), which 
for any polynomial p is given by the formula Px“j(p) = piT^^y) and is defined for / in 
H°°(L2) by the same formula. The homomorphism will simply be denoted by px- 
Suppose D. - O'” and ||Xj|| < dlyyll < 1 for each j - Then for m - 1,2, we 

know that p^j is contractive homomorphism. What about m > 2? 

The following example is due to Varopoulos and Kaijser in [Var74]. Set 



0 

0 

0 

0 

0 ' 


1 

0 

0 

0 

0 

Ai - 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 


.0 

1/V^ - 

1/v^ 

-liVs 

0. 


' 0 

0 

0 

0 

0 ' 


0 

0 

0 

0 

0 

^2 = 

1 

0 

0 

0 

0 


0 

0 

0 

0 

0 


.0 

-1/V^ 

1/V^ 

-1/V^ 

0 . 
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2.3 Homomorphisms induced by operators of type VI 


and 

' 0 0 0 0 0 

0 0 0 0 0 

yls = 0 0 0 0 0 

1 0 0 0 0 

^ 0 -1/v^ -1/v^ 1/v^ 0 ^ 

It is easy to see that Ai,A 2 and A^ are commuting contractions. Now, consider the 
Varopoulos-Kaijser polynomial Py defined earlier. Choose xi = ^2 - 

^“77^’77^’“7^^’ -^3 = yi = (1,0,0), 3/2 = (0,1,0), 3/3 = (0,0,1). In the 


\/3’ Vs’ Vs 

notations above T 


xi,yi 


Ai, T: 


X2,y2 


A 2 and Tj 


X3,y3 


A 3 . We have 


I Pv^'^xi.yi, Tx 2 ,y 2 ’ ^^3,73) I - 


j,k=l 


Xj,yk 


= 3v^>5=||p. 


^,oo> 


where ((a^fc)) = Ay. Hence p° ^ corresponding to x = (xi, X2, X3), y = ( 3 / 1 , 3 / 2 - ys) is not con¬ 
tractive. In this example the ratio of || PyiT^ y) || to || Py lips ^ is approximately 1.04. In this 
section we shall show that 

■WPviT^cY 


sup- 


IXII 2 


= '} 


II Pv IIID^,c 

is 1.2, which was proved earlier hy Holhrook [HolOl]. However, we give many examples 
of operators of type V I for which this upper hound is attained. As explained earlier, 
the hope that we may he able to increase it even further was the motivation behind 
introducing the set of operators VI. For the proof, we shall need the following lemma. 


Lemma 2.18. Forn> 1, we have 

min((xi,X 2 > + (X 2 ,X 3 > + {X 3 ,Xi>) = 

where the minimum is over the set [{xi,X 2 ,X 3 ): Xi,X 2 ,X 3 e IR”, Hx/lb = i,i = 1,2,3}. 

Proof. LetXi,X 2 ,X 3 g IR” with Hxdb -l,i - 1,2,3. The following identity is easily verified: 
||Xi +X2 + X3II2 = IIX1II2+ IIX2II2 + l|X3||2 + 2((Xi,X2> + <X2,X3> + <X3,Xi>). 


For i = 1,2,3, ||xdl 2 = 1, therefore 

||Xi +X2 + X3II2-3 = 2 (<Xi,X 2 > + (X 2 ,X 3 > + {X3,Xi>). 

Thus (xi,X 2 > + (X 2 ,X 3 > + (X 3 , Xi> is minimized at Xi,X 2 ,X 3 g IR” such that Xi + X 2 + X 3 = 0. 
Choose any three points xi,X 2 ,X 3 from the unit sphere of IR” such that the centroid of 

these points is the origin. For example, choose Xi = (1,0,...,0), X 2 = (-1/2, \/3/2,0.0) 

and X3 = (- 1 /2, - \/3/2,0.0). Thus we have proved the lemma. □ 
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2 Varopoulos Operators of Type I 


What follows is an easy generalization of the preceding lemma. 


Lemma 2.19. For n> 1, we have 


min 


J<j 


m 


2 ’ 


where minimum is over the set {[xi,Xm) -Xi .g IR”, WxiWz - I, i - 1,..., m}. 


Let Xi, X2, X3 e IR” he arbitrary vectors of Euclidean norm 1 and set x = (xi, X2, X3). Con¬ 
sider the algebra homomorphism px as in (2.22), namely, Pxip) - plTjc). TakeVaropoulos- 
Kaijser polynomial By the definition of px, it is easy to see that 


Px{Pv) 


^ ajk[x\,Xk] 
i,fc=i 


3 

(^jk(Xj,X]^) 

j,k=l 


3 

y^, <^ii + 2ai2{Xi,X2) +2a23{X2,X3) -l-2a3i(X3,Xi) 
/=1 


= 3 - 2 ((Xi,X 2 > -t <X2,X3> -t {X3,Xi». 


From the Lemma 2.18, it is clear that we can choose xi,X 2 ,X 3 e R” (in fact there are 
infinitely many choices for x for each n > 1) such that \\pxiPv)\\ - 6 and Hx/llz = 1 for 
each i - 1,2,3. Thus 

II Pi/II ,00 ^ 

Hence for this choice of x the corresponding ratio of || PyiTx) II to || Py llps ^ is 1.2. 

We state “the zero lemma” for a third time, in the form we will use it here. The proof is 
no different from what has been indicated earlier. 


Lemma 2.20. For m-tuple of vectors, x = {xi,...,Xm),y - (yi. Ym) from H, we have, 

IIPx!y(/)ll - l/oraZZ/eH°°(L2,D) ifandonlyif\\p^fr^y{f)\\ < 1/oraZZ/e H“(n,D). 


As before, using the Lemma 2.20 we may assume that f{aY) - 0, without loss of gener¬ 
ality, in determining the contractivity of p^fry for / in any algebra of holomorphic func¬ 
tions containing the algebra H°°(n). 


Proposition 2.21. Let p^frj, be as defined in {2.22) . For/e H“(n,D), we get\\p^fry{f)\\ < 1 
if and only if 


-D^f{w)-Ax,y 


(l-\\Df{w)-xf)(l-\\Df{w)-yf]. 
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2.3 Homomorphisms induced by operators of type VI 


Proof. Let / g H“(n, D). Let and ^2 : -<• be isometries taking Df{oj)-y 

to \\Df{,co)-y\\ei andDf {to)-x'^ to \\Df{,a))-x\\e\ respectively, where ei is (1,0,0,...)^ Then 


IIpS(/)II 


0 L»/M-y J 

iD2/M-^x,y 

D/M-y 0 J 


As norms are preserved under isometries therefore 


wp^^Um- 


x,y 



^D^fica)-A^,y Dfio)) 
D/M-y 0 



1 0 
0 1^2 


and hence 


IIpS(/)II 


l|L»/M-y||ei 

^D^fico)-A^,y 

||D/M-y|| 


\\Df{oj)-x\\e\ 

0 

l|L»/M-x|| 

0 


Thus we have the proposition. 


□ 


Let 

I /eH“(aO)} 

be a subset of x C"*, where denotes the set of all m x m complex symmetric 
matrices. 


Lemma 2.22. The setQi^^ can be realized as the unit ball in x C'” with respect to some 

norm, say || • |l@- 

Proof We will show that is a balanced, convex and absorbing subset of x C"*. 

• Balanced: If A g D and (^D^/(a»),D/(a»)) g then 


A 


U 


D^fico),Dfico) 


iD2(A/)M,D(A/)M 


The map A/: H 


' is analytic with A/((y) = 0 and hence 

a 


A 




(W) 
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2 Varopoulos Operators of Type I 


Convex: Pick 




^D^gico),Dgico)\e^^^\ 


For the h:- tf + [I - t)g, t g (0,1), we have 


X 

-D^h{(i)),Dh{oS)\. 

.2 


y-D g{CD),Dg{(D) 


Since /, g are in {D., D), it follows that h is also in (Q, D). Hence 

.1 - ” 


-D^f{co),Df{oj)j + a-t) 


-D^gM,DgM)G@^"\ 


Absorbing: Let B - {bjk) he a symmetric matrix of order m and a - (ai, Um) in 
C'”. Define 

m m 

Lfc=i 


The function 


f (Zl, Z2, •••, Zyfi) 


p{Zl, Z2y •••y Zyyi) 

II plln,oo 


is clearly in (D, D) with 

D/M 

Hence 


a , 1 2 - ^ 


\\p\\n,c 


and -D /M 


llplln,c 


- {By 

ll/?lln,oo “ 


□ 


The set 


U := {{Zy Viy V2):ze C, Viy V2eH with |z|^ < (l - II Vi ||^) (l - || 1^211^)} 


< 1 


is seen to he the unit hall via the identification (z, t'l, 1 ^ 2 ) ^ Clearly, || | 

if and only if (z, I'l, V 2 ) is in U. Thus we have proved the following lemma. 

Lemma 2.23. The set V is the unit ball with respect to the norm ||(z, t'l, t' 2 )llu := Ilf ^ 111- 

V 0 V 2 ) 
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2.3 Homomorphisms induced by operators of type VI 


For fixed x = (xi. Xm),y - iyi,—,ym) in in'”, define a linear map x C"* ^ 

C ® IH ® IH by the formula 


t-M 

^x,y 


iB,a) 


'I 

-triAx,yB),a-x,a-yj, 


where a-x = aiXi + - • •+amXm, a = (ai. am) £ C'” (and a-y is defined similarly). Propo¬ 

sition 2.21 together with what we have said here amounts to the equivalence asserted in 
the following theorem. 


Theorem 2.24. The following statements are equivalent: 

1. is a contractive homomorphism. 

2. : [Mf^ X C'”, ||.||@) ^ (C® H® H, ||.||u) is a contractive linear map. 
Let £■ be a domain (containing 0) in C. For each k e No, let 


&>kikl,E) = {pGC[Zi . Zm] :degip) < A: and p(n) 


For each w efl, let (fl, E) denote the set of all polynomials p g E) such that 
piv)] - 0 . 

Now, suppose n is the unit disc and cv-O. Then we have the following theorem. 

Theorem 2.25. IfH is a separable Hilbert space and x g H with ||x|| < 1, then for the 
homomorphism px, we have 

sup {II (p) II: p G (D, 0) } = sup {II (/) II: / G (D, D) } . 


Proof We know that for / g FI°°(D) with /(O) = 0, 

I 1 


IIPx(/)ll 


i/"(0)[x«,x] ||/'(0)x|| 

ll/'(0)x|| 0 


therefore from the formula in [MNS90], 

.o 1 


IIPj 


lalllxir+ - 


\a\" 


[x",x] 


+ ^|fi|4|[xtt,x]|^ + 4|a|2||x||2|fi|2 |[xtt,x]| 


where a - /'(O) and b = /"(0)/2. Using Cauchy-Schwarz inequality we get 


||pJ|<Ua|||xir + 


\a\ 


‘||x||^ + v/|h|^llx||^ + 4|a|2|fi|2||x||6 
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2 Varopoulos Operators of Type I 


and therefore 

llpxll < ||x||||a| + ^ |a|^ + ^|h|4 + 4|a|2|h|2 
Hence sup{||px(/)||: / g H“(D,D)}- = ||x||. It is easy to see that 

sup{||p;,(p)||:pG3^0(O,O)} = ||x||. 

Hence the proof is complete. □ 

The following corollary is now evident. 

Corollary 2.26. Suppose H is a separable Hilbert space and x e H with ||x|| = 1. Then for 
homomorphism px defined above, we get 

sup {II p^ (p) II: p G (D, 0)} = sup {II p^ (/) II: / G H“ (0, D)}. 


2.4 The Caratheodory-Fejer Interpolation Problems 

We state the well known interpolation problem in m variables, usually known as the 
Caratheodory-Fejer (CF) problem. 

Problem 2.27 (CF). Given any polynomial p in m variables of degree d, find necessary 
and sufficient conditions on the co-efficients of p to ensure the existence of a holomor- 
phic function h defined on the polydsic O'” with h^^fO) - 0 for all multi indices k of 
length at most d, such that / := p + h maps the polydisc O'” to the unit disc D. 

Without loss of generality one may assume that p(0) = 0 via the transitivity of the 
unit disc D. There are several different known solutions to the CF problem when n - 
1, see (cf. [Nik86, Page 179]). However, repeated attempts to obtain solutions for n > 
1 has remained unsuccessful for the most part, however see (cf. [BWll, Chapter 3]) 
for a comprehensive survey of recent results. In these notes we shall obtain necessary 
condition for the CF problem for the bi-disc D^. (However, we first discuss the case of 
the unit disc D, which paves the way for the case of the bi-disc D^.) We show that for 
certain class of polynomials of degree at most 2, our necessary conditions turn out to 
be sufficient as well. None the less, they are not always sufficient as we demonstrate by 
means of an example. 

We point out that the necessary condition for the CF problem actually works for any 
n, via an adaptation of a theorem due to Koranyi and Pukanszky [KP63] . However for 
n> 2, the computations involved in deriving the necessary condition explicitly is cum¬ 
bersome. Therefore, we don’t give the details except in the case n-2. 
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2.4 The Caratheodory-Fejer Interpolation Problems 


2.4.1 CF problem in one variable 

The CF problem for one variable is stated below for polynomials of degree at most two 
and with p{0) = 0. This is the first non-trivial case of the CF problem and is typical of all 
other cases. 

Problem 2.28. Fix p to be the polynomial piz) - az+fiz^. Find a necessary and sufficient 
condition for the existence of a holomorphic function g defined on the unit disc D with 
=0, A: = 0,1,2, such that llp + glb.co ^ 1- 


Let Tx be an operator of the type V I for some x e C. For any / g FI“(D,D), picking 
|x| < 1 to ensure contractivity of Tx, we see that \\pxif)\\ ^ L Now, applying Corollary 
2.21, we find that 


'2 + |/(0)x|" < 1. 
Taking supremum over all x such that |x| < 1, we get 






+ |/'( 0 )|"< 1 , 


which is equivalent to 


T 


/"(O) 


/(O). „ 

V z 


)I|HI( 


/'(O) 

0 


/"(O) . 


< 1. 


Thus we have proved the following theorem. 

Theorem 2.29. Suppose /: 0 ^ D is an analytic function with /(O) = 0. Then 

/"(O)' 


7 


fm,- . 

V z 


< 1 . 


We answer the question of the converse in the theorem below. 

Theorem 2.30. If a, feC are such that a) || < 1, then there exists an analytic map 
/: D ^ D such that f {7) - 0,/'(0) = f and f"{0)12 - a. 

Proof Let a,f g C be such that ||T(j6,a)|| < 1 i.e. \a\ + \f\^ < 1. As is a convex and 
balanced set so without loss of generality we assume a > 0 and \a\ + \ f\^ = 1. Define 

{ f if z-0 

^ I otherwise. 
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2 Varopoulos Operators of Type I 


Let (f>p denote the automorphism of D mapping ^ to 0. From chain rule, we get 


te»s)'«fl = TZ^ = i 


Hence (d>^og)(z) = e'®zforsome0G [0,27r). Therefore 

+ /3 

giz] = —. 

1 + Pe‘^z 


and thus 


e^^z + (5 
1 + Pe^^z 


fiz) = z • 


□ 


Thus we have found necessary and sufficient condition for the CF problem 2.28. A 
second approach to this problem will be given in Chapter 4. 


2.4.2 CF interpolation problem in two variables 

The complete solution to the CF problem remains a mystery, although, several different 
partial answers are known. On the other hand, Eschmeier, Patton and Putinar [EPPOO] 
find a necessary and sufficient condition for the CF problem for the bi-disc However, 
these conditions are somewhat intractable. 

Theorem 2.31. Let d be a positive integer and let P{z) be a polynomial of degree less 
than or equal to d in two complex variables. There exists an analytic function F: ^ D 

such thatP = F mod if and only if there are Hilbert spaces Hi and H 2 and a pair 
of vector valued polynomial functions of degree less than or equal to d, ^ H^, 

k- 1,2, such that: 

l-F(z)F(z) = (l-|zi|")||Ai(z)||^ + (l-|Z2l")||A2(z)||2 mod (z^+\z^+i). 

Analogous to the case of one variable, the CF problem in the case of two variables 
is given below for polynomials of degree at most two with constant term zero. This is 
typical of all other cases. 

Problem 2.32. Fix p g C[Zi, Z 2 ] to be the polynomial 

p(zi, Z 2 ) = aiflZ\ + aQ^\Z2 + a2,oZi + ai,iZiZ2 + ao^2Z2- 

Find necessary and sufficient conditions for the existence of a holomorphic function q 
on with q^^^ (0) = 0, for multi indices k of length at most 2, such that || p + q\\^ 2 ^^ < 1. 


36 






2.4 The Caratheodory-Fejer Interpolation Problems 


Let Txy, Tx 2 be operators of type V I for Xi,X 2 in C, |xi|, Ixzl < 1. Let / e H“(D^,D) be 
any holomorphic function mapping to D with /(O) = 0. The von-Neumann inequality 
in Theorem 2.10 implies that ||/(r;ci> r.,)||<i, which in turn is equivalent to 


\\Dfm-xf + 


tr 


(1 ? n t 

-DV(0)-xx* 

2 


< 1 , 


where x is the column vector (^^). Thus we have the following theorem. 


Theorem 2.33. Ifp is any complex valued polynomial in two variables of degree at most 
2 with piO) - 0, then 


sup 

xi,X2elD 


T 


dp 


dp 


d^p 


1 2 

(0)Xl + ^(0)X2,- E ^ 

dz2 2^^-^^dzidzj 


(0)x/Xj 


< 1 


(2.23) 


is a necessary condition for the existence of a holomorphic function q ■. if' ^ <C, with 
q^^fO) - 0, |A:| < 2, such that\\p + qW^az^^ < 1. 


In the Chapter 3 we will compute the supremum occurring in (2.23). We will also 
find conditions on the coefficients of the polynomial p, apart from the ones imposed by 
(2.23), which will ensure the existence of the required function q. 
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3 Varopoulos Operators of Type II 


3.1 Homomorphisms induced by operators of type 
VII and order two 


Let n be a bounded domain in C'” and o) = (a»i,..., 0 )^) £ LI be fixed. Let D-D be a separable 
Hilbert space and X - be a tuple of commuting contractions, Xj e ^(D-0), 

j = 1.m. Let Txj be of type V II and of order 2, j - Let Tx be the n-tuple 

ia)iI+Tx,,..., (i)ml + TxJ. For we have Txj Tx^ = Tx^ Txj, Txj Tx^ Lx, = 0 

and 

' 0 0 XjXk ' 


Txj Txk - 

Let Ax denote the block matrix i[XjXic]j 
nomial p in m variables, we see that 


0 0 0 

^0 0 0^ 

mxm operators. Consequently, for any poly- 


' pM/ 


piTx) = 


0 

0 


DpM-X 

pMJ 

0 


\D^p{aj)-Ax ' 
DpM-X 
pMJ 


Therefore, extending this definition to functions in H“(L2), we obtain the algebra ho¬ 
momorphism p^^: H“(n) ^ i3§(IH] ® D-O ® D-D), which for any polynomial p is given by the 
formula p^Hp) = piTx) and is defined for / in H“(n) by the same formula. Suppose 
Q. is the polydisc D])'”. Then, for m = 1,2, we know that p™ := px is a contractive homo¬ 
morphism. What about m > 2? 

Consider the operators Ai,A 2 and A 3 as defined in the Section 2.3. Consider 
and Taj, the operators of type V II and of order 2. Consider the Varopoulos-Kaijser poly¬ 
nomial Py. From the computation in [Var74], we get 


PyiTA,,TA2,TA,)\\ 


3 

j,k=\ 


= 3V^, 
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3 Varopoulos Operators of Type II 


where ((ayt)) = Therefore 

\\PyiTAi,TA2,TA^)\\ > WPvhyco^^- 

Hence px corresponding to the tuple X - iAi,A2, A^) of commuting contractions Ai, A2 
and As is not contractive. 

We need a version of “the zero lemma” one final time which is adapted to apply directly 
to the functional calculus for operators of the type VII. This variant is also proved exactly 
the same way as before. 

Lemma 3.1. The homomorphism is contractive if and only if \\(/) || < 1 for all f 

If Q. is the unit disc 0 and cv-O, then we have the following theorem. 

Theorem 3.2. Suppose H is a separable Hilbert space and X e SA{U) with ||X|| < 1. Then 

for homomorphism px> u’sgetsup{\\pxip)\\ ■ = sup{||/ix(/)ll 

Proof We have sup{||jUx(/^)ll: P ^ = ||X|| hy definition. Fix / e H“(D,D), and 

assume that / is represented in the unit disc 0 hy the convergent power series Y-JLi 
Then 

Wpxifn = \\ 7 [aiX,a 2 X^)\\ < ||X|| ||T(ai/,a2X)||. 

Also ||/||d,co^ II‘J(ai,a 2 )II, therefore 

lliUx(/)ll ^ II All ||T(ai/,a2A)|| 

- — - — • 

11/110,00 IIT(ai,a2)|| 

Hence 

sup {II px(P) II: P G 3^1 (0,0)} = sup {II px(/) II: / G H“ (D, D)} = IIAII. 

□ 


For two commuting contractions Ai, A 2 g ^(H), let A = (Ai, A 2 ) and Tx^, 1x2 be the 
operators of type V II and order 2. Setting T2 = D^, and = 0, we see that the homomor¬ 
phism Px is contractive via Ando’s theorem. Hence for / g H“(D^, D), we have 


sup 

X 


7 


Dfm-x,-D^fm-Ax 


< 1 , 


where the supremum is taken over all pairs of commuting contractions A = (Ai, A 2 ). 
Thus we have proved the following theorem. 
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3.2 The von-Neumann Inequality in One variable 


Theorem 3.3. Lef/e H“(D^,C). Then 


sup 


7 


1^ 


df 1 ^ d^f ' 

. (0)Xi + ^(0)X2, - Y. 

dzz 2 ^^ydzidzj ^ 


< 1 , 


where the supremum is taken over all pairs of commuting contractions Xi, X 2 g SBiH), is 
a necessary condition for f to map toU. 


In what follows, we show that the supremum in (2.23) is the same as the one appear¬ 
ing in Theorem 3.3. We then proceed to compute it explicitly. Let (B)i denote the open 
unit ball of the Banach space B. Let n be a domain in C"* and k £ N. We shall de¬ 
note the set of all M^-valued polynomials in m variables by ^(C'”,Mfc). The symbol 
will denote the set of all polynomials in 3^(C™,Myt) which are of degree at 
most n. For any o) e L2, we shall denote ,M]c){p£ '■ piw) = 0} and 

(a(Mfc)i) := [pe&>lf\c^,Mk ): ^ l}, where ||p||°P^ = sup{||p(z)||op : z e 

n}. 

Our attempt here to find a solution to the extremal problem stated in the Theorem 3.3 
leads naturally to an independent verification of the von-Neumann inequality for pairs 
of commuting contractions of type VII. 


3.2 The von-Neumann Inequality in One variable 


In what follows the following lemma is needed. 

Lemma3.4. IfF{z) - Ai + Azz+A-iZ^-t--- is an analytic map onB taking values in [Mich, 
then “J iAi,A 2 ) has norm at most 1. 

Proof Suppose (p-Ai ■ ^ (^fc)i is an analytic map defined by 

(P.aAC)^[I-AiAI]~HC-Ai)[I-AIC)~\i-AIAi]K 


Then (p-Ai ° F maps D to with (^(p-Ai ° F)(0) = 0. 

Schwarz’s lemma implies that [<p-Ai °^) (O) is a contractive linear map from C to and 
therefore 


[l-AiAiy'^Azil-AlAiy'^ 


< 1 . 


Now due to Parrott’s theorem, we conclude that \\7{Ai,A2) II < 1. 


□ 
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3 Varopoulos Operators of Type II 


The theorem helow proves the von-Neumann inequality (involving matrix valued poly¬ 
nomials) for operators of type V11 and order 2. 

The homomorphism naturally extends to the algebra H“(n) hy tensoring 
with the identity map It on the kx k matrices M^. Thus 

p'-f ® Ik : H“(n) ® Mfc ^ mm ® C^) ® Mk 

is given hy the formula ® hiF) '■= where F - ((F/j| e H°°(n) ® Mk. In 

particular, for any F(z) = Aq -t Aiz + AzZ^ -f • • •, it follows that 

p^^^^IkiF) = Ao^Ik + Ai^Tx + A2^Tx + --- 

' Ao Ai»X A2»X^\ 

= 0 ^0 (3.1) 

too Ao J 

Theorem 3.5. Let X be a contraction on some Hilbert space H and Tx be the operator of 
typeMW andorderZ. ifPe(D,(Mfc)i) then, ||P(rx)|| < 1. 


Proof The zero lemma 3.1 is easy to prove for the homomorphism ® Ik- The proof 
now involves finding an automorphism of the unit hall (with respect to the operator 
norm) in the kxk matrices taking P(rL)) to 0. Since this group of automorphisms is known 
to he transitive, the proof of the zero lemma even for matrix valued polynomials is same 
in spirit to the ones given before. We therefore assume, without loss generality, that 
P(0) = 0. Thus for any polynomial P(z) - AiZ + AzZ^ + ■■■ + AnZ^, we have 


PiTx):^Px^IkiP) 


' 0 Ai^X Az^X^ " 
0 0 Ai<8iX 


and hence 


\\PiTx)\\^ 


Ai^X Az^X^ \ 

0 Ai(S)X j 

I^X oWAi®/ Az<^ I \l I 0 
0 ill 0 Aii8>/11o/®X 


Since ||X|| < 1, it follows that ||P(rx)|| < ||‘T(Ai,yl 2 )||. Now using the Lemma 3.4, we get 
IIF(rx)ii<i. □ 
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3.3 Ando’s Theorem for the Operators of type V II and order 2 


3.3 Ando’s Theorem for the Operators of type VII and 
order 2 


The zero lemma 3.1, modified as in the previous section, applies to the case of matrbc 
valued polynomials in any number of variables. In this form, it is stated in the pa¬ 
pers [MNS90, Pau92]. Consequently it is enough, without loss of generality, that the 
homomorphisms we consider below are defined only on polynomials with P(0) = 0. We 
now recall the commutant lifting theorem (cf. [DMP68, Theorem 4]), which we use in the 
proof of the lemma below. 

Theorem 3.6. Let T be a contraction on a Hilbert space H, U be its minimal co-isometric 
dilation acting on some Hilbert space K, and R be an operator on H commuting with T. 
Then there is an operator S onK commuting with U such that 

SHcH, IISII = ||i?|| andi?'”r” = PHS'”t7”|H Vm,n>0. 


Let Xi and X 2 be two commuting contractions on a Hilbert space H and Tx^, Tx 2 be 
the operators of type V 11 and order 2 respectively. Let 

P(zi,Z2)=^ X 

k=lp+q=k 


be in (C^, Mi). Evaluating the polynomial P on the commuting pair of contractions 
rxi,rx 2 , weget 


PiTxi, TX2) - 


0 

0 

0 


X -^pq ' 

p+q=l 

0 

0 




X -^pq ' 

p+q=2 

X ^pq ' 

p+q=l 

0 




and hence 


\\PiTx„Tx2)\ 


I Apc^X^X^ 

p+q=l 


I Apq^X^X^^ 


p+q=2 

I 

p+q^l 


I Apq^X^^Xl 


Lemma 3.7. For any polynomial P \\PiTxi,Tx 2 )\\ ^ I for all commuting 

contractions Xi, X 2 ifandonlyif\\PiTxi,Tx 2 )\\ ^ I for all commuting pairs Xi, X 2 with 
Xi is co-isometry and X 2 contractive. 
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3 Varopoulos Operators of Type II 


Proof. Let Xi and Xz be any two commuting contractions. Let : K ^ K be the minimal 
co-isometric dilation of Xi. From commutant lifting theorem there exists an operator 
S : K ^ IK such that 

IISII = IIX 2 II, S[7= t/S and X 2 ™Xi” = Ph S'” t/" IH for all m,neNo. 

Let Tu and Ts be the operators of type V II and order 2. Setting H = ® H ® ® H, we 

have 

® Lf + Aoi ® S, A 20 + All ® C/S + Ao2 ® S^)|~ 

= T ^ Apq^X^X^ ^ Apq^X^X^ 

\p+q=l p+q =2 

Thus for any polynomial P of the form 

n 

P{zi,Z2)^Y. L 

fc=l p+q=k 

mapping 0^ into (M/)i„wehave \\PiTu,Ts)\\ > ||P(rxi, rx 2 )|| completing the proof of the 
lemma. □ 

Theorem 3.8. Let Tx, und Tx2 be commuting contractions of type VII and order 2. We 
have ||P(rxi, 1x2)11 - \\P\\‘^ far any matrix valued polynomial P in two variables. 

Proof. Let P be a polynomial in two variables of the form 

n 

P{Zi, Z2) — ApqZ^ Z2 , Apq G Mi, 

fc=l p+q=k 

With ||P||°P^^<l.ForAGD, 

Pxizi)PizifXzi) - (Aio + AoiA)zi + {Azo + A 11 X + Ao 2 X^)zi^ +... 

maps D to (M/) 1 . Therefore for each A g D, 

^ 10 + ^ 01 A yl2o + ^iiA + ylo2A^ 

0 Aiq + AqiX 

which is equivalent to 

I X' (Aio, A 20 ) + 7 (Aoi, Aii)X + 7 (0, Aqz) X^ || < 1, 
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3.4 Solution to the Extremal Problem 


for all A e D. Define /: D ^ (M 2 /) 1 by 


/(A) - T(Aio, A20) + T(Aoi, All) A + T( 0 , A02) A^. 


Let Xi be a co-isometry operator and X 2 be an arbitrary contraction such that X 1 X 2 - 
X 2 X 1 . If F:=A: 2 A:;,then 

f {Y) — 7 (Aiq 18 / + Aqi ® Y, A 20 ® f + All ® + A 02 ® Y^^. 


An easy computation gives 


Therefore, 


Aio ® X\ -t Aqi ® X 2 A 20 ® -^1 "t All ® -^2-^1 “t -^02 ® -^2 
0 Alo ® A^i + Aqi ® A 2 


J® Ai 0 
0 I 


nY) 


I 0 

0 J® Ai 


7 


^ Ap^®AfA2^ ^ Ap^®AfA2^l 

Vp +^/=1 p+^7=2 


<||/(A 2 Ai*)| 


and since X 2 X* is a contraction, therefore by the von-Neumann inequality, we have 


T ^ Apq^X^X^, X Ap^®A,^ 
VP+£/=l p+q=2 




< 1 . 


This completes the proof of the theorem. 


□ 


3.4 Solution to the Extremal Problem 

In this section we shall calculate the supremum occurring in Theorem 2.33 and Theo¬ 
rem 3.3. 

Let B be the bilateral shift on £^iZ) and C* (B) be the commutative unital C* - algebra 
generated by B. Hence C* (B) is isometrically isomorphic to the C*- algebra of contin¬ 
uous functions C(cr(B)), where a(B} = T is the unit circle in C. This isometric isomor¬ 
phism, which we denote by t, is defined by the rule t(/) = f(B*). Consequently, for any 
A: e N, the map 

T ® Jfc : C(T) ® Mfc ^ ® Mk 

is also a * - isometric mo no morphism. In particular, for any B g ^(C, Mk), we have 

||P||°^ = ||P(B’^)||. (3.2) 
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3 Varopoulos Operators of Type II 


In the proof of the Theorem 3.8, we have seen that in solving the extremal problem 


sup 


7 


df 


df 


d^f 


^( 0 )Xi + ^( 0 )X 2 , - E . . 

dz2 2^^-^^dzidzj 


TDXiX 




over all commuting contractions Xi,X 2 g SS[H), we may assume without loss of gener¬ 
ality that Xi = I. Therefore the supremum in Theorem 3.3 is equal to the 


sup 


7 


df df 1 

ozi ozz 2 


^d^f d^f d^f 2 ^ 

■' ( 0 )/ + 2 ^ i ( 0 )X+^( 0 )X^ 


dzf 


dzidzz 

where the supremum is taken over all contractions X. 

Let P he the polynomial (taking values in 2 x 2 matrices M 2 ) 


dzj 


(3.3) 


I df I f ^ 

P(A)=T ^(0),-^(0) +T 
y dzi 2 dzf j 


df 


d^f 


dz2 dzidz2 


( 0 ) IA -t T 


ol^ 

’ 2 az 2 


(0) A' 


We have 


sup 

xi,X2eD 


7 


df df 1 ^ d^f '' 

^( 0 )xi + ^( 0 )X 2 ,- E 

dzi dz2 2^^-^^dzidzj f 


IIPII 


op 
ID,00 


and for any contraction X, an application of the von-Neumann inequality gives || P (X) || < 
||P||°P^. From (3.2) we have, ||P||°^ = l|P(B*)l|. Therefore, sup||P(X)|| = ||P(B*)|| and 
hence supremum in (3.3), Theorem 2.33 and Theorem 3.3 are equal to 


7 


..w, d^f 15"/ 


^( 0 )/+^( 0 )B^ - 2 

^dzi dz 2 2 dzf 


(0) I + i0)B* + -^{0)B 

2 dzf 


dzidz 2 

Thus Theorem 2.33 and Theorem 3.3 are equivalent to the following theorem. 
Theorem 3.9. For any/ gH^(D^,D), 


7 


df df ,^1 d^f d^f ^ 1 d^f ,^ 2 ! 

^( 0 )/+ ^( 0 )B*, -t 4 ( 0 )/+ ^^( 0 )B* + -^iO)B*^ 
dzi dz 2 2 dzf dzidz 2 2 dzf 


< 1 . 


The following corollary is essentially a restatement of Theorem 3.9. However, it is 
worded to make the necessary condition for the CF problem inherent in this theorem, 
evident. 

Corollary 3.10. Ifp is any complex valued polynomial in two variables of degree at most 
2 with p(0) = 0, then 


7 


dp dp * 1 d^p d^p * 1 d^p * 2 ! 

^( 0 )/+ ^(0)5/ -^( 0 )/+ —^( 0 )B* + -^( 0 )B*^ 
dzi dz 2 2 dzf dzidz 2 2 dzf j 


< 1 


is a necessary condition for the existence of a holomorphic function q : ^ C, with 

q^^fO) - 0, |A:| < 2, such that\\p + q\\]a 2 ,j^ < 1. 
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3.4 Solution to the Extremal Problem 


In the Chapter 4, we will give another proof of Theorem 3.9 and investigate the ques¬ 
tion of the converse. 
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4 The Koranyi-Pukanszky Theorem 
and CF Problems 


4.1 The Koranyi-Pukanszky Theorem 


We recall the following theorem of Koranyi and Pukanszky proved in [KP63, Corollary, 
Page 452]. This gives a necessary and sufficient condition for the range of a holomorphic 
function defined on the polydisc D” to he in the right half plane H+. 


Theorem 4.1 (Koranyi-Pukanszky Theorem). If the power series represents a 

holomorphic function f on the polydisc D”, then ^(f(z)) > 0 for all z g D” if and only if 
the map 0: Z” ^ C defined by 


0(a) = -I 


2SRaa 

if a = 0 

tta 

if a > 0 

a-a 

if a < 0 

0 

otherwise 


is positive, that is, the kxlc matrix ((0(ni,-mp)) is non-negative definite for every choice of 
mi,...,mA;G Z”. 


We will call the function 0, the Koranyi-Pukanszky function corresponding to the co¬ 
efficients (a^;) . 

Let US revisit the (CF) problem of realizing a polynomial p g C[Zi.Z„] of degree d 

as the first d terms of the power series expansion of an analytic function / g H°°(D”) 
with ||/||d»,oo < 1- 


4.2 The planar Case 

Although, we state the problem below for polynomials of degree 2, our methods apply 
to the general case. 
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4 The Koranyi-Pukanszky Theorem and CF Problems 


Problem 4.2. Fix p to be the polynomial p(z) - az + bz^. Find a necessary and sufficient 
condition for the existence of a holomorphic function g defined on the unit disc D with 
g(^)(0) =0, A: = 0,1,2, such that Wp + gWo.oo ^ 1- 


We note that the condition on the range of a holomorphic function given in the theo¬ 
rem of Koranyi and Pukanszky can be easily converted into a condition where the range 
is required to be in the unit disc D. For this consider the Cayley map j : D ^ 44+ into the 
right half plane defined by 


which is a bi-holomorphism. Let / g FI°°(D) be givenby the power series fiz) - 
Assume that / maps 0 to D. This happens if and only if j o / maps D to 44+. Also, 




1 + /U) 

1-/U) 


Co + X 


CnZ' 


n=l 


(4.1) 


where Cq = 1 /2 and the new coefficients are as in the lemma below. In this section, we 
set Co = 1/2, wherever it occurs. 


n-l 

Lemma 4.3. The coefficient Cn in equation {4.1) is given by an+ Z ajCn-j for n>l. 

7 = 1 


Proof. Consider the expression 


Xof{z)^2 


Co + X ^nZ' 

n=\ 


= 2 


+ /(z) + /(z)^ + /(z)^ + ' 


Rewriting, we get 


--- = 1 + £ CnZ'' 

l-/(^) tl 


Hence, we have 


1 + Y, CnZ' 
1 «=1 


1- Y = 1- 

1 «=i 


A comparison of the coefficients completes the verification. 


□ 


Remark 4.4. Applying Theorem 4.1 to x°f, ure conclude that f maps 0 to D if and only if 
the Koranyi-Pukanszky function (p corresponding to coefficients (c„)“^q is positive. 
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4.3 Alternative proof of Theorem 2.30 


Matrix of (p: The matrix [cpij - A:)) ■ ^ is given by 


-1 

0 

1 


-1 0 1 

1 Cl C2 

Cl 1 Cl 

C2 Cl 1 


Therefore, we can rewrite the Problem 4.2 in the equivalent form: 


(4.2) 


Problem 4.5. Let p he a polynomial of the form piz) = aiz + a 2 Z^. There exists a holo- 
morphic function q, - 0 for k - 0,1,2, defined on the unit disc D, such that 

II P + <7 II D,oo ^ 1 if and only if 

f 1 - - \ 

1 Cl C2 

Cl 1 Cl 

^ C, 1 ^ 

is non-negative definite and for j > 2, there exists Cj e C such that the Koranyi-Pukanszky 
function (p corresponding to (c„)„ei\io is positive. 


4.3 Alternative proof of Theorem 2.30 

Suppose / is an analytic function on the unit disc D with ||/||e,oo ^ 1 and that /(z) = 
is its power series expansion in the unit disc D. Then x ° fiz) has the power 
series 2(co + Z“=i c„z”) in the unit disc D, where Cq = 1 /2 and c„ is of the form prescribed 
in the Lemma 4.3. In this section also, we set Cq = 1/2, wherever it occurs. Let C„, and 
Pn denote 



' 1 

Cl 

C2 • 

Cn 


ai 

a2 

Us ■ 

■ On 


Cl 

1 

Cl • 

Cn-l 


0 

Ui 

0,2 • 

On-l 

ICn ■—) 

C2 

Cl 

1 

• Cn-2 

, iAn :=) 

0 

0 

Oi 

On-2 


c^ 

Cji-l 

C«-2 • 

• 1 . 


. 0 

0 

0 • 

Oi j 
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4 The Koranyi-Pukanszky Theorem and CF Problems 


and 


(Pn :=) 


1 —Cli —CI 2 
0 1 -ai 


0 0 
0 0 


0 

0 


'^n-l 

— Cl\ 


respectively for each neN. 


Lemma 4.6. Ifui.uz g C, then |ai|^ + |a 2 l < 1 if and only if the matrix C 2 is non-negative 
definite. 

Proof Since |ai|^ + lazi < 1, it follows that IIA 2 II < 1. It is equivalent to the positivity of 
the following matrix 


P 2 CIP;. 


Since P 2 is an invertihle matrix, the positivity of P 2 C 2 P 2 is equivalent to C\ being non¬ 
negative definite. Thus, we conclude that C 2 is non-negative definite. □ 

Lemma 4.7. For all n g l\J, PnC^P"^ - {I - AnA*„) ® 1. 

Proof We shall prove the result hy induction on n. The case n = I follows from the 
Lemma 4.6. Assume the result upto n-l for n > 1. For each neN, let 

Pji • • • ’ ~^i) and Cfi .— {Cji, Cj 2 —i >... > Ci) . 


I-A 2 A; 0 '1 

1 - (|ail^-t |a2l^) -a2ai 0 

0 

-aid2 l-|ail^ 0 

0 

0 

1— * 


The verification of the identity 


p p* _ 


Pn-l Pn 

0 1 


I n 

C* 1 

\ '^n ^ 


P* 0 

^n-l ^ 


is easy. Hence 


prtp._f Pn-K_,P:_,+PnC;P:_,+P*„[Pn-lCn + Pn) Pn-lCn + Pn 

” ” ” i [Pr^-iCn + PnT 1 

From the Lemma 4.3, we have P„_iC„ + .P„ = 0 and therefore we conclude that 

Ip ,/^t p* , p p* rj 


PnCnPn— 


0 
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4.3 Alternative proof of Theorem 2.30 


Now 


6 c* p* 

^ nV'fir n-l 




-Ui 


' n-\ n-2 

Cn~ 'll (^iCn-i Cn-l~ X CliCn-i ''' Ci 
. !=1 


From the Lemma 4.3, we get 


5 p* p* 


dr 


V y 


I CLji ••• j — ( dyi-idn-i) ij-Q- 


k _ _ ' 

— X ■■■ 

7=2 

fc-1 _ 

••• -dk-idi 

7 = 1 

-aia^-i ••• l-|ail^ ^ 

and therefore /-= ((/-® l) + . Thus I-AnA^ = 

+ PnCnP^-v which completes the proof. □ 

TVn immediate corollary is the following proposition. 

Proposition 4.8. The matrix C„ is non-negative definite if and only ifA„ satisfies || An || < 

1 . 


Also, 


I-^kAl 


1- I \ajf 

7 = 1 
k _ 

7=2 


ai ak 


In the theorem helow we provide an alternative proof of the Theorem 2.30. The tech¬ 
nique involved here is from the Section 3 of the paper of Parrott [Par78] . 

Theorem 4.9. Suppose ai and a 2 are two complex numbers. Then there exists f e (D), 
with ||/||o,oo ^ 1/ such that ffS) - 0, /'(O) = ap /"(O) = 2 a 2 ifandonlyif\ai\^ + \a 2 \ < 1. 

Proof. Assume / and jo/are as in (4.1). Then hyKoranyi-Pukanszky theorem 4.1, every 
principal suhmatriK of finite size of the matriK in (4.2) is non-negative definite. In par¬ 
ticular, the matrix C 2 is non-negative definite. From the Lemma 4.6 we conclude that 
|ail^ -t |a 2 l < 1. Conversely, assume ai, a 2 g C are such that |ail^ + |a 2 l < 1. Then, 

( ai a2 \ 

A 2 - 

1 0 ai I 
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4 The Koranyi-Pukanszky Theorem and CF Problems 


satisfies || A 2 1| < 1. Using Parrott’s theorem, there exists as e C such that 


f 

Ul U2 0.3 

-/I 3 = 0 Ui a2 

0 0 ai 


has operator norm less than or equal to 1. Using the Lemma 4.3, we see that the matrix 
C 3 is non-negative definite. Repeatedly using the Parrott’s theorem and the Lemma 4.3, 
one may ensure the existence of non-negative definite matrices C„, for all n>3. 

Hence the Koranyi-Pukanszky function corresponding to (c„)[\io is positive. Thus the 
function g{z) -T.n maps D to liil+ hy Koranyi-Pukanszky theorem 4.1. Hence from 
the Lemma 4.3, the function f - X~^ ° S satisfies all the required conditions. □ 


4.4 The case of two Variables 


Problem 4.10. Fix peC[Zi, Z 2 ] to he the polynomial defined by 

p[Zi,Z2) — CIiqZ\ + CIQ 1 Z 2 + CL20z\ + fliiZiZ2 + 0102^2- 


Find necessary and sufficient conditions for the existence of a holomorphic function 
function q defined on the bi-disc with q^^\0) = Ofor |A:| < 2, such that llp + dlloLoo - 1- 

Let / be an analytic function on Suppose / is represented by the power series 


OO 


fiZ) — ^ UyfifiZ^ Z2 


m,n=0 


and aoo = 0. Also assume that / maps into D. This happens if and only if j o / maps 
to H+, where 



Coo = 1 /2 and the coefficients Cmn are from the Lemma 4.13. In this section, we set Cqo - 
1/2, wherever it occurs. If (p denotes the Koranyi-Pukanszky function corresponding to 
the coefficients icmn), then (p is positive. 

The matrfac of (p: For a fixed keZ, define := {(x, y) |x + y = A:}. The sequence (P^) 
is a sequence of disjoint subsets of Z^. Besides 
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4.4 The case of two Variables 


An order on Z^, which we call the D-slice ordering, is defined below. Clearly, it is dif¬ 
ferent from the usual co-lexicographic order. The matrix computations that follow are 
transparent because of the D-slice ordering that we use in describing the matrix of the 
Koranyi-Pukanszky function 0. 

Definition 4.11 (D-slice ordering). Suppose (xi,yi) g Pi and (X 2 ,y 2 ) g Pm are two ele¬ 
ments in Z^. Then 


1. If / = m, then (xi,yi) < (X 2 ,y 2 ) is determined by the lexicographic ordering on 
Pi Q l} and 

2 . if / < m (resp., if I > m), then (xi,yi) < (X 2 ,y 2 ) (resp., (xi,yi) > (X 2 ,y 2 )). 

The following theorem describes the Koranyi-Pukanszky function 0 with respect to 
the D-slice ordering on Z^. 


Theorem 4.12. Let {Cmn)m,n^No an infinite array of complex numbers. The matrix of 
the Koranyi-Pukanszky function 0 in the D-slice ordering corresponding to this array is of 
the form 

... p_^ p^ ... 

■■ f : : : \ 


P_i ••• 
Po ••• 

Pi ••• 

• k 


I Cl Cl 
Cl I Cl 
Cz Cl I 


where Cn Cnol + Cn-i,iB* -t • • • -t neN. 


J 


Proof With respect to the D-slice ordering on Z^, the matrix corresponding to the func¬ 
tion 0 is a doubly infinite block matrix, where (k, n) element in (/, m) block, which is 
0 ((k, - A: + /) - (n, - n + m)). is computed as follows, separately, in three different cases: 

First, let A: - n < 0. 

The quantity (p{{k,-k+ 1) - {n,-n + m)) is non-zero only if A: - n > I - m. Hence if 
I > m, then 0 ((A:,-A:-t /) - (n,-n + m)) - 0. Now, assume I < m. In this case, the possible 
values for A: - n are / - m, / - m + 1,..., -1, otherwise 0 ((A:, - A: -t l)-{n,-n-t m)) - 0. For 
pG{0, l,...,-/ + m- l} and k - n- I - m-t p,we have 


<piik,-k-tl) - {n,-n + m)) = Cm-i-p,p- 
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Second, let A: - n = 0. 

. , J Co,i-ni if l>m 

0 (0,/- m) - < _ 

[ Co,m-i ifl<m 

Finally, let A: - n > 0. 

The quantity 0((A:, -A:+ 1) - {n,-n + m)) is non-zero only if A: - n < I - m. Flence if 
/ < m, then 0 ((A:,-A: + /) - (n,-n + m)) = 0. Now, assume / > m. In this case the possible 
values for A: - n are / - m, / - m - 1,..., 1 otherwise <piik,-k+ /) - (n,-n + m)). For p e 
{0, 1 ,...,/- m - 1 } and k-n-l-m-p,Mve have 

0((A:,-A:+ /) - in,-n + m)) = ci-m-p.p- 

Therefore, the (/, m) block in the matrix of 0 is given exactly by the following rule: 

1 . C;_^if/<m, 

2 . Ci-m if / > m. 


3. lifm-l. 

Hence the matrix of the Koranyi-Pukanszky function 0 in the D-slice ordering corre¬ 
sponding to the array [Cmn) is of the form 

••• P_i Po Pi ••• 

P-i 
Po 
Pi 

□ 

Assume that the power series 'Lf’k=o ‘^jkz{z 2 , with aoo = 0, represents a holomorphic 
function / defined on the bi-disc and that ||/|||D )2 ^ < 1. Let 2(coo + '^f’k=i 
the power series representation for o / on the bi-disc for some choice of complex 
number Cmn which are determined from the coefficients amn of the function /. 

Lemma 4.13. For all n g N, setting An Unol + an-i,iP* + • • • + aonB* ”, C„ = Cnol + 
+ --- + conB*”, we have 

n-\ 

Cn — -d-n + ^ AjCn-j- 

J = 1 
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4.4 The case of two Variables 


Proof. Let Cizi, Zz) := =o have 

1 ^ ^2 (.L ^ "^ 2 ) , 

1 + /('Zl,^ 2 ) + fiZijZz) H-= - - -1 Coo = CiZiyZz). 

Thus C(zi,Z 2 )(l-/(zi,Z 2 )) = 1, which is the same as 


(1 + Cio^i + C01Z2 + C 20 .Zi + C11Z1Z2 + Coz^z ^-^ ^ 

(1 - aioZi - aoiZz - azoz\ - anZiZz - ao2'Z2 ^^ 

= 1 . 


Now comparing the coefficient of z” ^z^ we have 

k n 

Cn-k,k — ^ ^ ^n-j,pCj-k,k-py 
p=0j-k 


where aoo = 0. 


n-l 


The coefficient of5* in A„+ £ is 

/=i 

^n-fc,fcCoo + ^n-fc,fc-lCoi + f^n-k-l.k^W “t ^n-fc,fc-2C02 
+ '^n-fc-l,fc-lCll + Cln-k-2,kC2Q + ''' 

— i^n-k,k^00 “t ^n-fc,fc-lCoi + ''' + ^^yj-^^oCofc) + 

(<^«-fc-l,A:Cio + (^n-k-l,k-lCll H-1 <2w-fc-l,oCi,fc) + ' 

-1 {ClQkCn-k,Q + C^-A:,! "I-1 <^00C«-fc,A:) 

k n 

~ ^ ^ ^n-j,pCj-k,k-p 
p=0j=k 

completing the proof of the claim. 


□ 


In view of the Theorem 4.12 and the Lemma 4.13, the CF Problem 4.10 takes the fol¬ 
lowing form: 


Theorem 4.14. For any polynomial p of the form 

p{z) — aiQZ\ + fl!oiZ 2 + a 2 Qz\ + aiiZiZ 2 + aQzz\, 

there exists a holomorphic function q, defined on the bi-disc D^, with (0) = 0 for \k\ - 
0,1,2, such that 

IIP + ^7IId2,oo^1 
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if and only if 

I C* C* ' 

Cl I c* 

Cz Cl I ^ 

is non-negative definite and for each k>3, there exists Ck = Ckol + Ck-i,iB* + • • • + CokB* ^ 
such that the Koranyi-Pukanszky function 0 corresponding to {Cmn) m,«eNo is positive. 


Lemma 4.15. If An andCn are as defined above, then 


if and only if 


I 


q 


Cl 

I 


••• 

Cz 

Cl 

I 

••• 

Cn 

Cn-l 

Cn-2 

I 

' Ai 

Az 

^3 •• • 

A \ 

0 

Ai 

Az ■■■ 

An-\ 

0 

0 

Al ••• 

An-2 

. 0 

0 

0 ••• 

Ai , 


Proof For each n e N, C„ commutes with Cm and Am for all m e N and hence we can 
adapt the proof of the Lemma 4.7 to complete the proof in this case. □ 


Since the adjoint of the bilateral shift 6* on £^{,Z) is unitarily equivalent to the mul¬ 
tiplication operator on L^(T), it follows that An and C„ are unitarily equivalent to 
the multiplication operators Ma and Me respectively, where a(z) = a„o + an-i,iz + • • • + 
aonZ^, and c(z) = c„o + + • • • + ConZ’^. Now the Theorem 4.14 takes the equivalent 

form given helow, where for the polynomial p of the form p(z) = aioZi + aoiZ 2 + a 2 o.Zi + 
aiiZiZ 2 + aozz^, we have set 


Pi(z) := aio + aoiz and pziz) - azo + aiiz + ao 2 .z^- 


(4.3) 


Theorem 4.16. For any polynomial p of the form 


p{z) — aiQZi + aQiZz + azQz\ + aiiZiZ 2 + a^zz^, 
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there exists a holomorphic function q, defined on the bi-disc with (0) = 0 for \k\ - 
0,1,2, such that 

lip + ^IId2,00^1 

if and only iflpzl < 1 - \pi\^ and there exists a holomorphic function / : 0 ^ 
with 

||/||°P^ < 1 and for all k>0, 

where po - 0 and for k>3,pic^ C[Z] is a polynomial of degree less than or equal to k. 
Here Mp^. is the multiplication operator on L^iJ) induced by the polynomial pk- 

Thus the Prohlem 4.10 has been reduced to a one variable problem except it now in¬ 
volves holomorphic functions taking values in ^(L^(T)). To discuss this variant of the 
CF problem, the following definition will be useful. 

Definition 4.17 (Completely Polynomially Extendible). Suppose A: e I\1 and IP;} is a 

sequence of polynomials, with degipf < j for all j - 1,2. k. Then T(Mpj. 

will be called n-polynomially extendible if \\7{Mp^,...,Mpf)\\ < 1 and there exists 
a sequence of polynomials with deg(p/) < I, such that ||‘J(Mpj,...,Mp^)|| < 

1. Also, 7{Mp^,...,Mpf) will be called completely polynomially extendible if the 
operator T(Mp^,..., Mp^f is n-polynomially extendible for all n g N. 

For pi, p 2 G C[Z], polynomials of degree at most 1 and 2 respectively, let P denote the 
polynomial P(z) = Mp^z + Mp^z^. We shall call P to be a polynomial in the CF class if 
given these polynomials pi, p 2 , there is a holomorphic function /: D ^ satis¬ 

fying properties stated in the Theorem 4.16. Such a function / is called a CF-extension 
of the polynomial P. It follows that a solution to the Problem 4.10 exists if and only if the 
polynomial P is in the CF class. We have therefore proved the following theorem. 

Theorem 4.18. Asolution to the Problem 4.10 exists if and only if the corresponding one 
variable operator valued polynomial P is in the CF class. Or, equivalently, 7{Mp ^, Mpf is 
completely polynomially extendible. 

It is clear, from the Theorem 4.16, that |pi -t |p 2 l ^ 1 is a necessary condition for the 
existence of a solution to the Problem 4.10. This condition via Parrott’s theorem is also 
equivalent to the condition ||T(Mpj,Mp 2 )|| < 1. 

We now give some instances, where this necessary condition is also sufficient for the 
existence of a solution to the Problem 4.10. This would amount to find condition for 
“J(Mp^, Mp 2 ) to be completely polynomially extendible. 
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Theorem 4.19. Letpiiz) -j + dz andpziz) - {a + (5 z){j+6 z) for some choice of complex 
numbersa, f, j andd. Assume that\pi\^ + \p 2 \ < 1 . Ifeitherafjd -0 orargial-argif) - 
argCy) -arg(5), then7{Mp^,Mpf) is completely polynomially extendible. 

Proof All through this proof, for brevity of notation, we will let ||/|| stand for the norm 
sup{||/(z)||op : z G D}, for any holomorphic function /: D ^ 

Case 1: Suppose f -0. Then P(z) = Mp^ (z + az^). Let p{z) - z + az^. Using Nehari’s 
theorem, we extend p to the function p{z) - z + az^ + a^z^ + ■■■ such that |IpIId,co = 
||‘J(l,a)||. Define /(z) = Mp^p{z) - Mp^z + Mp^z^ + Mp^z^ + ■■■, where pt - otkPi- Also, 


ll/ll = sup ||Mp^p(z) II = ||MpJ|sup|p(z)| = ||MpJ|||T(l,a)||. 

zeD zeD 

Thus ll/ll = lIMpj ® T(l,a)|| = ||T(Mpj,Mp 2 )ll < 1- Hence / is a required CF-extension of 
P. 

Case 2: Suppose a = 0. Then, P(z) = Mp^ (z + fMzZ^). Let Q(z) - z + fM^z^ and 
r(zi,Z 2 ) = zi(l + /3 z 2). Define s(z 2 ) = 1 + /3z2. Suppose slzzl = 5(Z2) + f 2 zl + + ••• 

be such that ||s||d,co = ||T(1,/3)||. If f := Zis(Z 2 ), then ||f|| = ||5|| = ||T(1,/3)||. If Q(z) = 
z + M^^z2 + M^2^2z 2 + ... and/(z) = Mp,Q(z), then ||/|| = ||Mp,Q|| < ||MpJ|||Q||. Since 
siMz) - Q(z), from the von-Neumann inequality it follows that ||Q|| < ||5||. Therefore, 
ll/ll < ||MpJ|||T(l,;6)|| = ||a'(Mp^,;6MpJ||.Hence 


ll/ll ^ 


Mz 

0 


0 

I 


-ALpi fMp^ 

0 Mpj 


m; 0 

0 I 


mMp^,Mpf\\<i. 


Therefore / is a CF-extension of P 

Case 3: Suppose a f 0 and f f 0. Then, P(z) = Mp^ (z + M^+^ezZ^). Let Q(z) := z + 
Ma+pzZ^. Define r(zi,Z 2 ) := zi + az\ + fziZ 2 = zi (l + azi + fz 2 ). Let A := \a\l\f \ and a:= 
A/(l+A). Define s(zi,Z 2 ) := \+azi+fz 2 - (a + azi) + (l - a + fz 2 ) ■ If fii(zi) := a+azi and 
h 2 iz 2 ) l-a+j 6 z 2 , then there exist ill = a+azi + a 2 Z^+--- and h 2 - l-a+fz 2 +f 2 zl+--- 
with I fii I = IT(a, a) || and || ^ 2 1| = || ‘L(l - a, f) ||. If 


f(zi,Z 2 ) := zi [hi (zi) + ^ 2 (^ 2 )) = + azf + fziZ 2 + a 2 zl + f 2 Z\zl + ■■■, 


then ||f|| < llfiill + ||fi 2 ll. Let Q(z) = Iz + Ma+jizZ^ + M^^+p^^zz^ + ■■■ and/(z) = MpjQ(z) 
= 'LjMp.zf where pt+iiz) = [ak + fkZ^)pi for all A: > 1. Thus ||/|| < ||MpJ|||Q||. Since 
Q(z) = f (z, Mz), from the von-Neumann inequality, it follows that 


\\f\\<\\Mp,\\\\r\\<\\Mpf\{\\hi\\ + \\h 2 \\). 
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As 7[a,\a\) - AT(1 - a ,therefore (||hil| + 11^211) = ||T(l, |a| + \f}\] || andhence 

ll/ll < ||MpJ|||T(l, |a| + \p\) II = ||T(||pi||,(|a| + |)6|)||pill)||. 

subcase 1: Suppose and arg (a) - arg (j6) = arg (y) - arg (d). Then 

(|a|+ l)6|)llpi 11 = Il(a + i6)pi 11 = 11 P2ll- 

Our hypothesis clearly implies that ||p 2 ll + II Pi 11^ ^ 1- Hence ||/|| < 1. 
subcase 2: Suppose y = 0 or d = 0. Then 


(|a| + l)6|)llpill = ll(a + i6)pill = IIP2ll. 


As in subcase 1, here also ||/|| < 1 can he inferred easily. □ 

Remark 4.20. In Problem (4.10), If either pi =0 or p 2 = 0, and ||T(Mpj,Mp 2 )ll < 1, then 
||P|| < 1 and hence f in the Theorem (4.16) can be taken to be P itself. 


Having verified that the necessary condition ||‘J(Mpj,Mp 2 )ll < 1 is also sufficient for 
P to be in the CF class in several cases, we expected it to be sufficient in general. But 
unfortunately this is not the case. We give an example of a polynomial P for which 
IITiMp^, Mpf II < 1 but P is not in the CF class. 

An Example: Let pi (z) = 1 / \/2 and pz (z) - 12. We show that “J(Mp^, Mpfj is not even 

3-polynomially extendible. 

It can easily be seen that II‘J(Mpj,Mp 2 ) II < 1. Now suppose there exists a polynomial ps 
of degree at most 3 such that || 7 (Mp^, Mp^, Mpf || < 1. Then Parrott’s theorem guarantees 
the existence of a contraction V e ^(L^(T)) such that 


Mps - 


I-M, 


IpiP 


■M; 


P2 


(/ - M|„ I A'm;^) V - - M|„| m; (/ - M|p,d 


M, 


P2- 


As we have (1 -1 pi |^)^ -1 p 2 1^ = 0, therefore operator in the first bracket is zero and hence 


P3 


-pIpi 

1-IPiF 




Thus ps is a polynomial of degree more than 3 which is a contradiction. Hence “J(Mp^, Mp ^) 
is not even 3- polynomially extendible. 

We close this section with an open question: What are the properties we must im¬ 
pose on the polynomials pi and pz in addition to the requirement UTiMp^, Mp 2 ) || < 1 to 
ensure that P is in the CF class? 
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4.5 Koranyi-Pukanszky Theorem as an Application of 
Spectral Theorem 

In this section we show that Koranyi-Pukanszky Theorem 4.1 is an application of the 
well known spectral theorem. For simplicity we consider n-2. 

Theorem 4.21 (Koranyi-Pukanszky Theorem). If the power series'EaeN" Caz“ represents 
a holomorphic function g on the polydisc D”, then 3f?(g(z)) > 0 for all z g D” if and only if 
the map 0: Z” ^ C defined by 


(pia) - < 


23f?Ca 

^-a 


0 


if a = 0 
if a > 0 
if a < 0 
otherwise 


is positive, that is, the kxk matrix (( 0 (m,-mp)) is non-negative definite for every choice of 
mi . mteZ^. 


Proof Suppose the power series represents a holomorphic function g de¬ 

fined on the hi-disc with the property that 5R(g(z)) > 0 for all z g D^(This extra factor 2 
has been put in to the power series just to make previous computation matched). With¬ 
out loss of generality, we assume that g(0) = 1. The function g maps to the right half 
plane H+ if and only if / := x~^ ° g maps to the unit disc D. Suppose 
represents the function/. Then, aoo - 0 and the array of coefficients ((a/fc)) and((cjfc| am 
related hy the formula obtained in the Lemma 4.15. The operators /18 B* andB*i 8 iB* are 
commuting unitaries and they have as their joint spectrum. Now, applying spectral 
theorem and maximum modulus principle, we get the following: 

||/(/®B/B“^®B*)|| = ||/||„ 2 ,^. (4.4) 


Also, we note that 


where A„ := a„of + + • • • + aonh* ” and Cn Cnol + Cn-i,iB* + • • • + ConB* ” as in 

the Lemma 4.15. Since ||/|||di 2 ,oo - I- it follows from (4.4) that ||T(Ai.A„)|| < 1 for all 
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n G N. Now, from the Lemma 4.15, we conclude that 


^ I 

Cl 

c* • 



Cl 

I 

c* • 



C 2 

Cl 

I 

^n-2 

(4.5) 

^ Cn 

C„-i 

Cn-2 • 

• I . 



is non-negative for all n g N. Hence from the Theorem 4.12, we get that the Koranyi- 
Pukanszky function 0 corresponding to the array ((cj^)) is positive. 

Conversely, suppose the Koranyi-Pukanszky function 0 corresponding to the array 
((cjfcl is positive, where Coo is assumed to he 1/2. Then, from the Theorem 4.12, we get 
that operator in (4.5) is non-negative for all n g IN. Thus, from the Lemma 4.15 and the 
equation (4.4), we conclude that lliogllez.oo ^ 1- where g(zi,Z 2 ) = 

This is so if and only if g maps to the right half plane H+. Hence the theorem is proved. 

□ 
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5 A generalization of Nehari’s 
Theorem 


For a closed subspace M and a point x in a Flilbert space H, tbe distance of M from x is 
attained at P(x), where P is the orthogonal projection of HI onto M. Nehari considered 
a similar problem but in the space L°°(T). Fie evaluated the distance of a function / in 
from the closed subspace Before stating Nehari’s theorem we shall give 

some definitions. 

5.1 The Hankel Operator 

Let iF^(T) denote the Flardy space, namely the closed subspace of L^(T): 

hHJ) := {/ G L^mi /(-n) = 0, n G N}, 

where f{-ri) is the Fourier coefficient of / with respect to the standard orthonormal 
basis z”, n G Z and z g T, of L^(T). Let P_ denote the orthogonal projection of L^(T) 
onto L^{J) e H^. 

Definition 5.1 (Multiplication Operator). For (p e L“(T), we define the multiplication 
operator M(p : L^(T) ^ L^(T) by the rule M^pif) - (pf, where {(pf) (z) = (p[z)f{z), z g T. 

For any cp e L°°{J) and / g L^(T), it is easy to see that (pf g L^(T) and that M(p is 
bounded. Indeed \\M(p\\ - Halloo (cf. [You88, Theorem 13.14]). 

Definition 5.2 (Hankel Operator). For (p g L“(T), define the Hankel operator with sym¬ 
bol (p to be the operator P_ o M (^|^2 and denote it by 

We recall the well known theorem of Nehari. 

Theorem 5.3 (Nehari). Ifcp e L°°(T) and is the corresponding Hankel operator, then 

inf {II0 - gII T,oo : g G (T) } = II II op. 
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5.2 Nehari’s theorem for L^(T^) 

In this section, we will give a possible generalization of Nehari’s theorem for (T^). This 
generalization is most conveniently stated in terms of the D-slice ordering on Z^, which 
we now recall. For a fixed keZ, define Pk-- {{x, y) \x + y - k} . The sequence [Pk] is a 
sequence of disjoint subsets of and Ufcez-Pfc = The D-slice ordering on Z^ is the 
ordering: 

Suppose (xi, yi) g Pi and (X2,72) e Pm are two elements in Z^. Then 

1. If / = m, then (xi,yi) < (X2,y2) is determined by the lexicographic ordering on 
Pi Q1} and 

2. if / < m (respectively, if I > m), then (xi, yi) < (X2, y2) (respectively, (xi, yi) > (X2, y2)). 
Let Ai = UteNo Pk and Az = UteN P-k- Define 

:=]/:= E 1,^2 :=]/:= E 1/^ ^“(T^) I. 

( (m,n]£Ai J ( {m,n)eA2 J 

Hi and Hz are two closed and disjoint subspaces of satisfying - Hi e Hz. 

Now the answer to the following question on L^(T^) would be a natural generalization 
of the Nehari’s theorem. 

Question 5.4. For <p e L°°(T^), what is distco(0, Hi), the distance of (f) from the subspace 
Hi? 


5.3 The Hankel Matrix corresponding to cp 


Any (peL^ (T^) can be written as 


(p{Zi,Zz)^ E^'w.«^r^2= Y.^m,nZiZ2+ J^am.nZ^Z^. 

m.neZ m.neAi m.neAz 


Suppose Z2 = Azi. Then 


(p{Zi, XZi) — E Z^ + E Z^. 

k>0\m+n=k k<0\m+n=k , 


Setting r (A) := I.m+n=k «m,nA", we have 


(f){zi,Azi) = E 
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5.3 The Hankel Matrix corresponding to (p 


In this way, L^(T^) is first identified with L^(T) ® L^(T) and then a second time with 
L^(T) ® £^{Z), the identifications in both cases being isometric. For any (f) e 
define the multiplication operator : L^(T) ® £^{,Z) I^(T) ® £^{,Z) as follows 

E ® E E Sqfq+k et. 

\jeZ ) keZ \qeZ ) 

Lemma5.5. Forany(f)eL°°iJ^), wehave\\M(p\\ - ||0||j2^^. 

Proof. Let p e be an arbitrary element. From what we have said above, it follows 

that <piz,Az) - Lfcez/jf for some in I^(T). The set of vectors {z' ® ej : {i,j) g Z^] 
is an orthonormal basis in L^(T) ® £'^{Z). The matrix of the operator M^p with respect to 
this basis and the D-slice ordering on its index set is of the form 

( ■ ■ ■ \ 

• • • M M rip M ^ 

J-l Jo Jl 

• • • M rip M rip M rip 

J-2 J-l Jo 

• • • M rip M rip M rip 

J-3 J-2 J-l 

1 ■ ■ ■ J 


We know that ll^lljz.oo = SUPAejSUp^eT 

f 


. Thus 


II0IIt2,oo = SUP 
AeT 


/_Va) fS’a) /f(A) 
f%a) 


Ad ^(p 

J-l 

Ad ^(p 

Ad ^(p 
h 

Ad ^(p 
J-2 

Ad ^(p 

J-l 

Ad ^(p 
h 

Ad ^(p 

J~3 

Ad ^(p 

j~2 

Ad 

J-l 


Hence ||0 |It 2 ^ = HM^H completing the proof. 


□ 


The Hilbert space ^^(Nq) and the normed linear subspace 


{(..., 0 ,Xo,Xi,...) : \Xif < oo with Xq at the 0 ^^ position} 

i>0 
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of £^iZ) are naturally isometrically isomorphic. Let H L^iJ) <8) ^^(l\lo). The space H 
is a closed suhspace of L^(T) ® f^(Z). We define Hankel operator H^p, with symbol <p, to 
he the operator o M^i^. Writing down the matrbc for Hfj) with respect to the bases 
{z' 8) ej : i e Z,j - 0,1,2,...} and {z' 8 e-j : i e Z,j - 1,2,...} in the spaces H and 


respectively, we get 


j-i 

A^ 

J^2 

Ad ^(p 

/_2 

A^ 

/_3 

Ad ^(p 

J-4 

A^ 

J-3 

Ad 

/-4 

Ad ^(p 

J~5 


V • • • y 


We call this the Hankel matrix with symbol (p. 

Let H be a Hilbert space. For any (r„)„eM c S^{U), define a operator H{Ti, Tz,...) as 
follows: 




Ti Tz Ts ••• ' 

Tz Ts r4 ••• 

Ts Ti Ts ••• 


V 


y 


Lemma 5.6. Forcp in L°°{J^), we have ||iT(^|| < distoo(0, H\)- 


Proof. From the definition of Hip and the Lemma 5.5, it can easily be seen that 


Thus IIH^II < II0II j 2 oo- From the matrix representation of H^p it is clear that for any g in 
Hi, Hip-g - H(p. Hence WH^pW - \\Hip-g\\ < 110 - gllT2,co- Thus the proof of the lemma is 
complete. □ 


For neN, ao,ai,...,a„_i g C and ibmlmeN C, define the following operator 


Tniib m)> riQ, Ui, — , Ufi—i) 


ao 

ai 

(^n-l 

bi 

ao 

^n-2 

bn-l 

bn-2 

ao 


Lemma 5.7. Suppose fo, fi,f„-i g L°°(T) and igm) <= are such that 


sup\\T4igM),foU),...,fn-iU)]\\<l. 

XeJ 
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5.4 CFproblem in view ofNehari’s theorem for (T) 


Then, there exists fn e L°°{J) such that 


XeJ 


Proof. Let 

Q(A) = (/o(A) ••• fn-lU) ),i?(A) = ( fn-iU) ••• /o(A) gi(A) ••• )* 


and 


S(A) = 


gi(A) /o(A) 

g2(A) gi(A) 


g«-i(A) g«-2(A) 


fn-sU) 

/«-4(A) 

gi(A) 


I • • • y 

All possible choices of /„(A) for which r„+i ((gm(A)), /o(A), ..., /w(A)) is a contraction are 
given, via Parrott’s theorem (cf. [You88, Chapter 12, page 152]), by the formula 


/„(A) = {I - ZZ*f'^V{I - Y* - ZSU)* Y, (5.1) 


where F is an arbitrary contraction and Y, Z are obtained from the formulae i?(A) = 
{I-S{A)SU)*f'^Y, Q(A) = Z(/-S(A)*S(A))1'2_ 

Everyentryof/-S(A)*S(A) is inL“ as function of A. Thus all entries in (/-S(A)*S(A))^^^ 
are measurable functions which are essentially bounded. Consequently, so are entries 
of Z. A similar assertion can be made for Y. Therefore choosing y = 0 in equation (5.1), 
we get fn with the required property. In fact, one can choose V to be any contraction 
whose entries are L°° functions. □ 

Theorem 5.8 (Nehari’s theorem for L^(T^)). If<peL°°{J^), then\\H(p\\ = distoo(0,fTi)- 

Proof From the Lemma 5.6, we know that ||iT(/,|| < distoo(0,fTi)- Without loss of gen¬ 
erality we assume that ||iT(^|| = 1. Using the Lemma 5.7, we find f^ e L°°{J) such that 
the norm of ,...) is at most 1. Repeated use of the Lemma 5.7 proves the 

theorem. □ 


5.4 CF problem in view of Nehari’s theorem for L^(T) 

Fix p e C[Zi, Z 2 ] to be the polynomial defined by 

p(zi, Z 2 ) = aiQZ\ + aQiZ2 + (12qz\ + aiiZiZ2 + aQ2z\. 
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5 A generalization ofNehari’s Theorem 


Denote (p{zi,Z 2 ) := z\p{zi,Z 2 ) - aiQz\ + aQiz\z 2 + a 2 oZi + a\iz\z 2 + aQ 2 z\z 2 . Suppose 
Pi (A) = Uio + aoiA and p 2 (A) = a 2 o + aiiA + ao 2 A^. Then, HiT^H = distco(0,-f^i), where 

-Afp 2 ^Pl ^ 

Mpi 0 0 • • • 

0 0 0 ••• 

Thus, if there exists a holomorphic function <7 : ^ C with - 0 for |A:| < 2 such 

that lip + dllo^.oo - 1’ then WH^pW < ||p + dllD 2 ,co- Hence HiT^H < 1 is a necessary condition 
for such a <7 to exist. 
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6 Operator Space Structures on ('^{n) 

6.1 Operator space 

Definition 6.1. An abstract operator space is a normed linear space V together with a 
norm || • || fc defined on the linear space 

MkiV) := {(( Vij)) I Vij eV,l< i, j <k},ke N, 

with the understanding that || • |l i is the norm of V and the family of norms || • |l fc satisfies 
the compatibility conditions: 

1. ||r®S||p+^ = max{||r||p, ||S||q}and 

2. ||AS5||^<||A||op||S||p||5||op 

for all S G MqiV), T e Mp{V), A e M^xp(C) and B e Mpxq(C). 

Let {V, II • II ic) and (W, || • || k) be two operator spaces. A linear bijection T :V ^ Wis said 
to be a complete isometry if T ® : [MkiV), || • llfc) ^ [MkiW), || • H^) is an isometry for 

every A: g N. Operator spaces {V, || • || k) and {W, || • || k) are said to be completely isometric 
if there is a linear complete isometry T : V ^ W. A well known theorem of Ruan says 
that any operator space [V, || • H^) can be embedded, completely isometrically, in to C*- 
algebra SA{U) for some Hilbert space H. There are two natural operator space structures 
on any normed linear space V, which may coincide. These are the MIN and the MAX 
operator space structures defined below. 

Definition 6.2 (MIN). The MIN operator space structure denoted by MIN (F) on a normed 
linear space V is obtained by the isometric embedding of V in to the C* -algebra C((y *) i), 
the space of continuous functions on the unit ball (y*)i of the dual space V*. Thus for 
{vij} inMfc(y), weset 

II I^L'I Wmin = sup III ifiVij])) I : / G 

where the norm of a scalar matrix i[fivij)]j is the operator norm in M^. 
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6 Operator Space Structures on in) 


Definition 6.3 (Max). Let F be a normed linear space and e MkiV). Define 

II((".-j))IIm« = sup{ll((^'’o-))ll 

where the supremum is taken over all isometries T and all Hilbert spaces H. This oper¬ 
ator space structure is denoted by MAX(1/). 

These two operator space structures are extremal in the sense that for any normed 
linear space V, MIN(y) and MAX(y) are the smallest and largest operator space struc¬ 
tures on V respectively. For any normed linear space V, Paulsen [Pau92] associates a 
very interesting constant, namely, aiV)\ 

aiV) ■= sup{||/y ® 4ll(Mt(V),iHlMiN)-(M;tCV^),IMlMAx): ^ £ N} . 

The constant a(y) is equal to 1 if and only if V has only one operator space structure on 
it. There are only a few examples of normed linear spaces for which aiV) is known to 
be 1. These include a{£°°{2)) - a{£^{2)) = 1. In fact, it is known (cf. [Pis03, Page 79]) that 
a(y)>lifdim(y)>3. 

The map (p : £°°in) ^(C”) defined by 0(zi. Zn) = diag(zi.z„), is an isometric 

embedding of the normed linear space £°°in) in to the finite dimensional C*-algebra 
^(C”). Clearly, this is the MIN structure of the normed linear space £°°in). We shall, 
however prove that there is no such finite dimensional isometric embedding for the dual 
space £^in). Never the less, we shall construct, explicitly, a number of possibly different 
isometric infinite dimensional embeddings of £^in). 

6.2 £^{n) has no isometric embedding into any Mk 

In this section, we will show that there does not exist an isometric embedding of £^in), 
n> I, into any finite dimensional matrix algebra Mjc, A: g N. Without loss of generality, 
we prove this for the case of n = 2. 

Lemma 6.4. Forme IN anddi,...,9m g [0,2;r), there exists Ui, az g C such that 

I iR I I I I I 

max \a\ + e >a 2 \<\ai\ + \a 2 \. 

Proof. For any two non-zero complex numbers ai,a 2 , we have 

max \ai +e’^^jazl - max \\ai\ +e’'^j'^^^~^^\a 2 \\, 
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6.2 in) has no isometric embedding into anyM^ 


where and (pz are the arguments of ai and uz respectively. Setting aj = Oj + (pz- (P\, 
we have 


max \ai + e''^^az\^ - max ||ail + 

7 = 1, ...,m 7 = 1,...,m 

= max \\ai\^\az\^ + 2\aiaz\cosaj 

7 = 1,...,m 


Therefore 

I 7/9 I I I I I 

max ai + e ^ ^2 = Ui + m 2 

7=1,...,m 

if and only if cosaj - 1 for some j, that is, if and only if aj = 0 for some j. Choose Ui 
and uz such that (pi-(Pz^ Oj for all j - I,..., m. The existence of such a pair ai and uz 
proves the lemma. □ 

Theorem 6.5. There is no isometric embedding of£^ (2) into Mn for any neN.. 


Proof. Suppose there is a n - dimensional isometric embedding (p of £^(2). Then this 
embedding (p is induced by a pair of operators Ti,Tz^ Mn of norm 1, defined by the rule 
(piai,az) - aiTi-r az Tz. Let Ui and Uz in Mzn be the pair of unitaries: 


Ui 


\^Ti 


Dr;'! 


i = 1,2, 


where Dt^ is the positive square root of the (positive) operator I - Ti. Now, we have 


PcniaiUi + azUz)\c’^ = aiTi + azTz. 

(This dilating pair of unitaries is not necessarily commuting nor is it a power dilation!) 
Thus y/ : £^{2) MzniQ defined by y/iai,az) - aiUi-r azUz is also an isometry. Since 
norms are preserved under unitary operations, without loss of generality, we assume 
Ui- I and Uz to be a diagonal unitary, say, D. Let D - diag(e'®L..., Now applying 

the Lemma 6.4, we obtain complex numbers ai and az such that 

I iff I I I I I 

max ai + e ^2 < mi + a 2 . 

7 = 1 ...2w' 

Hence y/ cannot be an isometry contradicting the hypothesis that (p is an isometry. □ 

Remark 6.6. An amusing corollary of this theorem is that the two spaces £°° in) and£^in) 
cannot be isometrically isomorphic for n>l. 
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6 Operator Space Structures on in) 


6.3 Infinite dimensionai embeddings of £^in] 

Let be Hilbert spaces and Ti be a contraction on Hj for i - Assume 

that the unit circle T is contained in aiTi), the spectrum of Ti, for i = 1,..., n. Denote 

fi = Ti ® ® r2 ® ..., f„ = ® Tn. 

Theorem 6.7. Suppose the operators fi . fn are defined as above. Then, the function 

f:£^in)^miHi^---^Hn) 


defined by 


f iai, a2,..., an) — a\fi + a2f2 + • 


is an isometry. 

Proof Since T c aiTi) and Ti is a contraction for i = 1.n, it follows that T c daiTi) for 

i - l,...,n. From (cf. [Con90, Proposition 6.7, page 210]), we have T c a aiTi) (approx¬ 
imate point spectrum of Ti) for i = 1. n. Thus for any i e {1. n} and A g T, there 

exists a sequence of unit vectors (x^) ^eN in D-D, such that 

II iTi - X) ixln) II —► 0 as m —► oo. 

Now, applying the Cauchy-Schwarz’s inequality, we have 

I {iTi - A) ixi„), ix‘„,)}\ < II iTi - A) ix'n,) IIII ix^nf II 
= ll(r,-A)(x;„)ll^o. 

as m —► oo. Hence <rdxj„),(x^)> —► X as m —► oo. Let (ai,...,a„) be any vector in 
in) such that none of its co-ordinates zero. Let Ai = A 2 = _ 

g-iarg(fl„) 7 G {1 .n}, we have (x^lmeN- a sequence of unit vectors from 

Hj, such that 

(Tjixjn), ixj„)} —► Xj as m —► 00 . 

As m goes to 00 , we have 

I <(aiTi ® + • • • + ® Tn) (x;„ ® ® x”), (x;„ ® ® x” )> | 

= |ai<ri(x^),(x^))>-t----i-a„<r„(x”),(x”))>| —► |aiAi-t----ta„A„| 

= I ad -I -1 |a„| = ||(ai,...,a„)||i. 
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6.3 Infinite dimensional embeddings of£^{n) 


Hence ||aifi + a 2 f 2 + --- + a„f„|| > \\{ai,a 2 .a„)||i.Also 

II ai fi + a2 T 2 -I-1- <2«7^«II ^ l<2illl T’lll + |a2lll r2l| H- 1 - |aw|||r„||. 

Hence \\a\fi + a 2 f 2 +••• + anfn\\ = \\{a\,a 2 .a„) || 1 , proving that / is an isometry. 

If some of the co-ordinates in the vector (ai,..., a„) are zero, the same argument, as 
above, remains valid after dropping those co-ordinates. □ 

An adaptation of the technique involved in the proof of the Theorem 6.7, also proves 
the following theorem. 

Theorem 6 . 8 . Fori - letTi be a contraction on a Hilbert space Hi andJ <^cr{Ti). 

Denote f/ = Ti ® • • • 18 T, igi <^■■■<81 Ih„. Then, the function 


defined by 


f{ai,a2,...,an) aify + a2T2 “i- ^ <^nTn- 


is an isometry. 

Remark 6.9. We have already noted that a[£^{2)) - 1. Therefore all the operator space 
structures on £^ (2), defined in the Theorem 6 .7, must be completely isometric to the MIN 
operator space structure. 

Suppose Ti and T 2 are contractions on Hilbert spaces Hi and H 2 respectively with the 
property that J Q (j{Ti) for i - 1,2. Denote Ti - Ti<Si Ih 2 and T 2 - lui ® Then the 
map f defined as in the Theorem 6.7 is an isometry. The dilation theorem due to Sz.- 
Nagy (cf. [Pau02, Theorem 1.1, page 7]), gives unitaries Ui:Ki ^ Ki and L /2 : IK 2 ^ IK 2 
dilating the contractions Ti and T 2 respectively. The operator space structure defined by 
the isometry g: £^ ( 2 ) ^ .^(IKi 81 IK 2 ), where g[ai, a 2 ) - aiHi®/|K 2 + '^ 2 fiKi®f^ 2 > is no lesser 
thanthatoff. SinceUi is a unitary map, it follows that the map aiUi<» 1^^ + 0.2 Iki^^Ui 
ai /iKi ® / 1 K 2 + <^2 ® U 2 is a complete isometry. Therefore, without loss of generality, for all 

operator space structures, defined in the Theorem 6 .7, we can assume that Ti is /hi- How 
suppose keN and Ai, A 2 £ M^. The von-Neumann inequality implies that 

II Ai 18 Jhi ® fiH2 + A2 18 /hi 18 r2|| < II Ai + A2z||p^^ = ||Ai ® ( 1 , 0 ) -t A2 18 ( 0 , HIIm/at- 

SinceMIN is the smallest operator space structure, itfollows that all operator space struc¬ 
tures on £^ (2), defined in the Theorem 6 .7 are completely isometric to the MIN structure. 
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6 Operator Space Structures on in) 


Remark 6.10. Here we note that all the operator space structures on £^i3), defined in 
the Theorem 6.7, are completely isometric to the MIN structure. Suppose Ti, T 2 and 
are contractions on Hilbert spaces Hi, H 2 and H 3 respectively, with the property that T c 
aiTi), for i - 1,2,3. Then the map f defined as in the Theorem 6.7 is an isometry. Using 
the same arguments as in the Remark 6.9, here also we can assume that Ti - Letke N 

and ^ 1 ,^ 2 , As g M^. Since / 1 K 3 CLnd Ul ® / 1 K 2 ® Us commute, therefore via Ando’s 

theorem, we conclude that 

11^1 ® •fHi0H2®IHl3 + ^2 ® /hi ® T2 ® /h 3 + A3 igi /|Hi ® ® ^all ^ l|Ai + A2Z2 + A3Z31|°2 

The right hand quantity in this inequality /51| Ai 18 (1,0,0) + A2 ^ (0,1,0) + A318 (0,0,1) || m/at- 
Since MIN is the smallest operator space structure, therefore all the operator space struc¬ 
ture on (3), defined in the Theorem 6. 7, are completely isometric to the MIN structure. 


6.4 Operator space structures on £^in) different from 
the MIN structure 


Due to Parrott’s example [Par70], it is known that a linear contractive map on (3) may 
not be completely contractive. An explicit example for this is give also in the paper of 
G. Misra [Mis94] . This example explains that there are more than one operator space 
structure on ^^3). In this section, using the example in [Mis94], we give an explicit 
operator space structure on (3), which is different from the MIN structure. 

Consider the following 2x2 unitary operators: 




1 0 
0 1 


t7: = 


1 

2 

2 


2 

_ 1 
2 


andV 


1 

2 

2 


It is clear that the map h : ^^3) ^ M 2 , defined by hlzi,Z 2 ,Zs) = ZiI -\- Z 2 U -\- zsV, is of 
norm at most 1. The computations done in [Mis94] includes the following: 


ll/®/+t7® t7+y® y|| = 3. 


( 6 . 1 ) 


and 


sup ||Zi/ +Z217+23^11 < 3. 

zi,Z2,Z3eD 

Choose a diagonal operator D on /^(Z) such that ||D|| < 1 and T c cr(D). Define 


( 6 . 2 ) 



10 


U 0 


y 0 

fi:= 

0 D 

,^ 2 := 

0 D 

,fs:= 

0 D 
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6.4 Operator space structures on in) different from the MIN structure 


and 

fi = fi ® / Ig) /, f2 = / i8> f2 iS> /, fa = / Ig) f„. 

Let 

Si := fi ® I, S2 ■— T2 ® U, S3 '.= 9 V 

be operators on a Hilbert space K. 

Define 

S:ie\ 3 ),MIN)^BiK) 

by 

S(ei) = Si, 5(62) - S2, 5(63) - S3 

and extend it linearly. 

From the Theorem 6.7, we know that the function (zi,Z 2 , Z 3 ) Zi fi + Z 2 fz + Z 3 fs is 
an isometry and since h is of norm at most 1, it follows that the map (zi, Z 2 , Z 3 ) ZiSi + 
Z 2 S 2 + Z 3 S 3 is also an isometry. Consequently, there is an operator space structure on 
(3) for which S is a complete isometry. Also from (6.1), we have 

||Si®/+S2(®t/ + S 3 ® 1^11 > ||/®/+[/®LA+y®y|| = 3 . 

On the other hand from (6.2), we have 

sup ||Zi/ +Z 2 L/'+Z 3 I 7 II < 3 

Zl,Z2,Z3£\a 

and hence the operator space structure induced by S is different from the MIN structure. 
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List of Symbols 


N The set of all positive integers 

Z The set of all integers 

No The set of all non-negative integers 

C Complex plane 

C[Zi,... , Zyn] The set of all polynomials in m variables 

i 

z-x Y. ZjXj for X - (xi,...,x/) eB^, z- (zi,...,z/) g 

7 = 1 

ll/lla,oo sup{|/(z)|:zGn} 

H A separable Hilbert space 

^(H) The set of all bounded operators on D-D 

aiT) Spectrum of r 

H°° (T2) The set of all bounded holomorphic functions on Q. 

0 unit disk in C 

T Circle of unit length 

sup{||p(z)||op:zGn} 

Kg Complex Grothendieck Constant 

[Zi,...,Zn] The set of all polynomials of degree A: in n variables 
H°° (T2) The set of all complex valued bounded holomorphic function on Q. 

{/GH“(n):||/||n,co<l} 

{/GH“(aO):/M = 0} 

o/(") (sfrl'"'.sfc/t")) 

^ ^n\ {^1-^1 + • • • + Cln^n • Cli ^ C, i — 1,,,,, H} 

[xKy] 

X** C - valued linear map on D-0 defined by x^ (y) = [x**, y] 

{x“: X G H} 

(T) The set of all square integrable functions on T with respect to 
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List of Symbols 


L“(T”) 

IITIloo 

Ckin) 

Cin) 


7{Ai,...,An) 


Hardy space 

The set of all essentially bounded functions T” with respect to 
Lebsegue measure and equipped with the essential sup norm 
Multiplication operator corresponding to 0 
Hankel matrix corresponding to symbol (p 
max{\\Ti\\,...,\\Tn\\} 

sup{||p(r)||: ||p||p«,co^ bp is of degree at most k, ||r||oo< 1} 
limfc^oo Ckin) 

' ^2 ^3 ••• An " 

0 Ai A 2 ■■■ An-I 

0 0 A\ ■■■ An-2 


MkiB) 

distco( 0 ,i^) 

A 2 

Hi 


H 2 

Pa 

A 

Pa.a 

II (Zi,..., Zn) II p 
£P{n) 

IIAlb in) 

Axy 

CDjiO)) 

Mfn 
II-lb 
U 

ll-llu 

&>]cikl,E) 


Vo 0 0 ••• Ai j 

The set of all A: x A; matrices with entries in Banach space B 
Distance of (p from if with respect to essential sup norm 

UfceNo 
I—IfceN P-k 

{/:= I a^,„z{”z”|/eI“(T2)} 

^ im,n]eAi ’ 

{/:= I a^,„z{”z”|/GL“(T2)} 

^ im,n]eA2 ’ 

{(ao, ai,...) :aj eC for all j e No, L la^l^ < 00 } 

iao 

I”y=i a,jZiWj, where A = (aij]] 

{(zi,...,z„,zi,...,z„): |z/| < 1,1 < A < n} 
the restriction of to the diagonal set A 
(|zi|P + --- + |z„|P)i'P 
(CMMIp) 

Operator norm of A: £°°(n) —>■ £^(n) 

The matrix i[x^j,yk])mxm 

: D ^ D is a analytic map with /M = 0 } 
The set of all m x m complex symmetric matrices 
The norm in x C"* corresponding to the unit ball 
{(z, v): zeCyV eH such that |z| + || i'||^ < 1 } 

The norm in C ® H corresponding to the unit ball U 
{pGC[Zi,...,Z„] :deg(p) < A:and p( 0 ) <=£}. 

The set of all polynomials p e ^kiP-, E) with picL) - 0. 
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Mk 

iX)i 

3^{C^,Mk) 

&>k{C^,Mk) 

(n,(Mfc)i) 

B* 

£^{Z) 

C*{a) 
a [a] 

CiX) 

Ik 

I 

^H(z) 

H+ 

Pk 

arg(a) 

mT^,T2,...) 


Pyi iibm)> ^ 0 > • • •! Cl, 


MkiV) 

MINiV) 

MAXiV) 

aiV) 

dim(y) 

Dj 


The set of all A: x A: complex matrices 

Open Unit Ball of Banach Space X 

The set of all Mk valued polynomials in m variables 

{pG5^(C'”,Mfc) :deg(p) < A:}. 

The set of all polynomials p e Xlk) such that p(a») = 0 

Mfc):||p||^^<l} 

Adjoint of the bilateral shift 

{(...,a-i,ao, ai,...): aj G C for all 7 G Z, £ |a 7 l^<oo} 

fez 

C* - algebra geneated by 1, a and a* 

{A G C : a - Al is not invertible} 

The set of all complex valued continuous functions on X 

Identity operator on 

Identity operator on H 

Real part of z 

The right half plane 

{(x,y) G : x + y = A:} 

normalized Lebsegue measure and equipped with the norm 
Argument of the complex number a 


' Ti T2 

T3 • 

\ 


Tz Ts 

n • 



Ts T4 

Ts • 



, • • 

/ 


; 


ao 

Cli 


Cln-l 

bi 

Uq 


C^n-2 

bn-l bfi-2 


Uq 

1 ; 

Mk<S)V 





MIN operator space structure on V 
MAX operator space structure on V 

{ "lyl-j-llM/lf • ^ k and I are arbitrary positive integers| 

Dimension of the vector space V 

The positive square root of the operator l-T*T 
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